Multicoloured Random Graphs: The Random Dynamics Program by Tarzi, Sam
ar
X
iv
:1
40
7.
66
81
v1
  [
ph
ys
ics
.ge
n-
ph
]  
15
 Ju
l 2
01
4
Multicoloured Random Graphs:
The Random Dynamics Program
Sam Tarzi
London, England



Copyright Notice
© 2014 Sam Tarzi
All Rights Reserved
Sam Tarzi is identified as the author of this work in accordance with
the Copyright, Designs and Patents Act, 1988.
No part of this publication may be reproduced or stored in a retrieval
system, nor transmitted in any form or by any means - digital
scanning, mechanical, photo-copying, recording, or by any other
media - without prior permission of the copyright owner.
Every effort has been made to trace copyright ownership and
permissions are confirmed in the text. Any omission brought to the
notice of the publishers will be acknowledged in future impressions.
i

Abstract
Multicoloured Random Graphs: The Random Dynamics Program
The Random Dynamics program of Holger Nielsen and co-workers
is a proposal to explain the origin of all symmetries, including Lorentz
and gauge invariance without appeal to any fundamental invariance of
the laws of nature, and to derive the known physical laws in such a
way as to be almost unavoidable.
The philosophy of Random Dynamics is that the most useful as-
sumption that we can make about the fundamental laws is that they
are random and then to see how known physics like mechanics and
relativity follow from them. It is believed that almost any model of
these regularities would appear in some limit for example as energies
become small. Almost all theories or models at the fundamental level
could then explain known physics and specific models would arise from
chaotic fundamental physics which has as few starting assumptions as
possible.
This brief book continues the previous two in the series, the first
being a derivation of pure mathematical results and the second con-
taining a sketch of possible physical applications of some of the results
in the first volume. In this third volume we focus on the ideas behind
the Froggatt-Nielsen project and suggest how using the formalism and
properties of random graphs can be useful in developing the theory,
and point towards directions in which it can be more fully extended in
future work.
In the previous volume we sketched our proposal for the origin of
the Standard Model family structure. Here we look in greater detail at
some of the other proposals of the Random Dynamics program and out-
line possible mathematics and in particular properties of multicoloured
random graphs as possible starting points in a research project that
applies the mathematics to the physics by judicious interpretation of
the various elements of the random models as physical concepts. We
would hope that the ideas presented here could be implemented into a
detailed formal theory, as part of an exploration of the graph-theoretic
iii
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and related group-theoretic content of Random Dynamics. In this pre-
lude to an investigation of the mathematics that may be applied to
the Random Dynamics program we retain the nomenclature used by
Nielsen and co-workers.
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CHAPTER 1
Introduction and Definitions
The purpose of this book is to publicize both the Random Dynam-
ics program as well as a possible approach to it using the theory of
multicoloured random graphs, by giving a flavour of the properties of
these graphs together with a hint of the associated mathematics.
The Random Dynamics project is an approach to physics that dif-
fers from the usual bottom-up approach of building on known theory
by unifying different phenomena into one theory. It is in the spirit of
Smolin’s clearly-argued [49] need for radical rather than incremental
approaches to furthering our understanding of how things work.
Its premise is that all symmetries, including the most fundamental
ones such as Lorentz and gauge invariance, can be derived without
having to be assumed, even if the most fundamental laws at very high
energies do not possess them.
Many symmetries such as charge conjugation, parity and strange-
ness are considered to arise from the gauge field theories of electromag-
netic and strong interactions, whilst others arise from taking the limits
in physical models such as for small mass-energies. The gauge group is
a group of gauge transformations between the possible gauges.
Gauge symmetry itself is perhaps not a true symmetry but a redun-
dancy in our descriptions. However as well as its use in build theories it
has been a mechanism in explaining fundamental issues such as why the
weak charge depends on handedness and why there is parity violation
in the Standard Model (SM)? It has been argued [25] that gauge in-
variance protects quarks and leptons from gaining a fundamental mass
that is large compared to the electroweak scale, and so their gauge
charges must depend on handedness; furthermore parity conservation
in the electromagnetic and strong interactions is derived.
The Standard Model comprises three leptons (e,µ, τ), three neutri-
nos (νe, νµ, ντ), three up-type quarks (u, c, t), three down-type quarks
(d, s, b). These undergo gauge field theory interactions mediated by the
force carrier bosons, the photon, gluons andW and Z bosons. Particles
that have mass gain it through a condensing Higgs boson.
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Approximate SM symmetries such as chiral symmetry and Gell-
Mann and Ne’eman’s SU(3) flavour symmetry [29] can be derived in
the limit as quark masses become ever smaller [56].
The handedness of a particle gives the direction of its spin vector
along the direction of motion, and the SM prediction that neutrinos al-
ways have left-handed spin means that its spin vector always points in
the opposite direction to its momentum vector. If there were only left-
handed neutrinos, as required by the SM, then they would be massless
for according to special relativity a neutrino with mass cannot travel
at the speed of light. Then a faster moving observer could therefore
overtake the spinning massive neutrino and would see it moving in the
opposite direction and thus it would thus appear right-handed. So the
non-zero neutrino mass and mixing that has been observed is evidence
for new physics beyond the SM. Although the tri-bimaximal mixing
pattern may now have been excluded, the discrete family symmetry ap-
proach is still favoured after experimental measurements, it could still
be a possible good first approximation to the observed data. The alter-
nating group of even permutations of 4 objects Alt(4) is the simplest
symmetry group to leading order that leads to tri-bimaximal mixing.
Altarelli, Feruglio and Merlo’s speculation on the origin of Alt(4) as a
subgroup of the modular group PSL(2,Z) is in line with our suggestion
that discrete sugroups in particle physics may arise as homomorphic
images of this group. King and Luhn have written a recent review
article on discrete family symmetry approaches to modeling neutrino
mass and mixings [35].
On his website, Holger Nilesen, the originator of the Random Dy-
namics philosophy states:
“In the Random Dynamics scheme the predicament of the poor
physicist is taken very seriously, as it is postulated that we simply
cannot deduce what the physics is like at the highest energy levels.
Therefore, in order to avoid carrying along the usual tacit assumptions
in fabricating a theory of the fundamental physics, we consider a most
general, “generic” mathematical structure which we equip with some
general properties and notions. The ambition is to create a (as explicit
as possible) list of assumptions, in order to pin down what conceptual
luggage we cannot do without, if we have the ambition of formulating
a theory for the fundamental physics, which at our low energy level ap-
pears as the physics we observe, as described by the Standard Model.”
(http://www.nbi.dk/∼kleppe/random/////qa/poor.html)
One motivation for the top-down Random Dynamics program are
the laws of thermodynamics which were at first built upon certain
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principles but are now understood to be a reflection of the behaviour
of large numbers of randomly-moving particles.
Symmetry has been identified as a key theme in understanding the
principles underlying natural phenomena in theoretical physics. It rep-
resents the idea that observed physics is invariant under some symme-
try transformation.
The Grand Unification program in particular postulates that a
larger gauge group beyond that relevant to the Standard Model (SM)
corresponds to a particular force and that at lower energies this group
breaks down to the SM group corresponding to the forces already dis-
covered. Random Dynamics assumes that any extension of the SM
cannot be inferred from SM itself.
The Random Dynamics project requires starting from general as-
sumptions about an abstract relational mathematical construct and
using very generic arguments because the idea is that the details of
the very complicated laws are almost unimportant, only that we study
them in some limits such as that of low energy. We take seriously their
proposal to begin with a random mathematical structure and put for-
ward evidence as to why the family of multicoloured random graphs
provide a concrete possibility.
A simple, undirected graph is an ordered pair Γ = (V,E) consisting
of a set V of vertices, and a set E of edges or lines which are 2-element
subsets of V so that an edge is a relation on pairs of vertices. A
complete graph is one which has an edge on every pair of vertices,
and its complement the null graph is one which has only non-edges on
every pair of vertices. An induced subgraph is one obtained by deleting
vertices and the incident edges. A spanning graph is a subgraph of
a graph that is a spanning tree (having no cycles) containing all the
vertices of the over-graph. A bijection α ∶ V (Γ) → V (Γ′) between
the vertex sets of two graphs Γ and Γ′ is an isomorphism if {u, v} ∈
E(Γ)⇔ {α(u), α(v)} ∈ E(Γ′). If Γ = Γ′, then the isomorphism is an
automorphism.
An automorphism of a graph is a permutation of the vertex set
preserving adjacency.
Choose a natural number m ∈ N, m ≥ 2, and a countable (that is
finite or countably infinite) set V of vertices and colour the edges of
the complete graph on V from m colours c1, . . . , cm, selecting colours
independently for each edge at random. By a random colouring of a
graph we simply mean an arbitrary colouring.
Denote m-coloured random graphs by Rm,ω, where m ∈ N, m ≥ 2,
and ω denotes the countably infinite vertex set. As we will only consider
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infinite graphs we can omit ω. They are defined by an infinite itera-
tion of the following one-point extension property for m edge-coloured
graphs:
(∗m)Given finite disjoint sets U1, . . . , Um of vertices there is a vertex
z such that all edges from z to Ui have colour ci (i = 1, . . . ,m).
For m = 2 the colours are conventionally characterized as edges and
non-edges. The random two-coloured graph R has a countably infinite
number of vertices. Its most common variant is as a simple graph, thus
having only two possible adjacencies with no loops on single vertices
or multiple edges between pairs of vertices being permitted. It is a
remarkable fact [50] that a countable two-coloured random graph is
isomorphic to R with probability 1.
We denote the countable random graph with three adjacency types,
which we call the triality graph, by Rt. We can get from Rm to R by
going colourblind in pairs of colours consecutively until there are only
two colours left.
There are three equivalent ways of characterizing R up to isomor-
phism as a countable graph, these being the so-called one-point exten-
sion property, the injection property or a combination of universality
and homogeneity [50].
A universal structure is one that contains all finite substructures,
and a homogeneous structure is one for which any isomorphism between
finite substructures extends to an automorphism of the entire structure.
To say that a structure is homogeneous is equivalent to asserting that
it has the maximum amount of symmetry; or that many parts of the
structure look alike; or that the structure looks the same when viewed
from many positions within the structure.
We have mentioned the uniqueness of the countable random graph;
it also has a huge amount of symmetry. Most graphs, certainly fi-
nite ones, are asymmetric, that is they possess a trivial automorphism
group consisting solely of the identity element. By contrast the au-
tomorphism group of R and its multicoloured versions are gigantic,
being uncountably infinite in size, thereby indicating a colossal degree
of symmetry possessed by these graphs.
To see how remarkable and unexpected this is, contrast the situa-
tion with the finite case. Construct a finite random graph on n vertices
by ordering the pairs of vertices in a countable sequence, and tossing a
fair coin a total of n(n−1)
2
times where heads means join the two vertices
by an edge, and tails means do nothing. Every n-vertex graph (up to
isomorphism) occurs with non-zero probability, and the probability of
a particular graph arising is inversely proportional to its symmetry as
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measured by the order of its automorphism group. The asymmetric
graphs are overwhelmingly more numerous than the symmetric ones.
The probability measure associated with a countable sequence of coin
tosses is discussed in Category and Measure Appendix in [50]. To
get a sense for the meaning of homogeneity beyond its definition con-
sider that the pentagon or 5-cycle graph is homogeneous, but that the
hexagon or 6-cycle graph is not because a pair of points two steps apart
and a pair three steps apart are isomorphic as induced subgraphs but
are not equivalent under automorphisms of the whole graph.
The existence and uniqueness of homogeneous universal structures
follow immediately from Fra¨ısse´’s Theorem [28] on relational struc-
tures. The basic concept in Fra¨ısse´’s work is the age Age(M) of a
relational structure M, which is the class of all finite structures (over
the same logical language) which are embeddable inM as induced sub-
structures; see the Appendix on Fra¨ısse´’s Theory of Relational Struc-
tures in [50]. As we stated, homogenous structures are those with the
maximum amount of symmetry and one of the most useful methods for
constructing objects with a large amount of symmetry is based on this
theorem. In the two-colour case, thinking of a two-coloured complete
graph as a simple graph, the appropriate structure is Rado’s graph, or
the Erdo˝s-Re´nyi random graph [18] R; it was Richard Rado [47] who
gave the first construction of R.
Relational structures with large automorphism groups have a high
degree of symmetry; this is also implied by an orbit space with a small
number of orbits of the acting automorphism group. A countable ho-
mogeneous relational structure of a given type is determined up to
isomorphism by the isomorphism classes of its finite substructures. An
important outcome of Fra¨ısse´’s Theorem is that determining the num-
bers of orbits on n-sets or n-tuples of oligomorphic permutation groups
(those having finitely many orbits in their induced action on n-tuples
for all n) is equivalent to enumerating the unlabelled or labelled ob-
jects in certain classes of finite structures characterized largely by the
amalgamation property, which is a way of building larger structures
from smaller ones; see the Appendix on Fra¨ısse´’s Theory of Relational
Structures in [50]. Not all graph classes amalgamate; for example, n-
colourable graphs (those having chromatic number at most n) do not
have the amalgamation property.
The word oligomorphic is intended to capture the notion of ‘few
shapes’, where the group orbits contain a finite number of structures of
any given finite size (that is, few) and each orbit contains an isomor-
phism class of structures (that is, shapes).
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It is a fair assumption that the fundamental principles underlying
physics are simple conceptions, whilst the phenomena themselves can
be very complicated. In Random Dynamics it is postulated that this
complexity is best described through randomness.
The ambitious goal of Random Dynamics is to derive all the known
physical laws as an almost unavoidable consequence of a random sys-
tem which it is assumed would be a very general, random mathematical
structure containing non-identical elements and set-theoretical notions
such as subsets. It is proposed that the physics of our experience
is derived from this basic mathematical structure, but as we do not
have access to fundamental scales such as the Plack scale the requisite
mathematical object(s) should have a generic structure, without a pri-
ori notions of distance, geometry, differentiability etc. The ‘random’
aspect of the dynamics represents our lack of knowledge.
The infinite random graphs are simply defined and their open def-
inition leaves much room for enhancing the graphs with a myriad of
properties such as different topologies, required to model a particular
physical fact. The surprising uniqueness (up to isomorphism) of the
countably infinite random graph for a given number of edge-colours is
of course reminiscent of this philosophy; it means that given any finite
graph, as more and more vertices are attached the eventual infinite
graph is almost always isomorphic to R.
If even space and time are to be derived then paths in our connected
random graphs may approximate the discrete time-slicing of points in
the path integral formulation of quantum mechanics (QM) and thereby
give the principle of locality in QM. It may be that there are graph-
theoretic criteria on the allowed paths in the path integral formulation
or the decoherent histories interpretation of QM that narrow the possi-
bilities for the sets of projective decompositions to which the histories
correspond, and thereby help in the formulation and solution of prob-
lems; see the section on quantum locality in [51], where criticisms by
Bassi, Kent and Weinberg are mentioned together with references.
It would be advantageous if the graphs are supplemented with as
little extra information as possible, and certainly properties such as
topologies can be defined from the graph structure itself. Some of the
mathematics, such as probability measures on the graphs, is already
worked-out in the literature (see the Appendix on Category and Mea-
sure in [50]) and some will can be used to describe the observed world.
The requirement that every useful physical model arises from the
purported random mathematical structure requires us to take the most
general, random mathematical structure M. Here again a graph is a
very general structure linking with an edge only those points which are
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related and model theory provides a very general formalism and body
of results giving substructures and in turn through their properties,
primitive laws [50].
The various number systems can be arrived at from the mathemat-
ical structures. So for example natural numbers count the number of
substructures and subtracting the number of certain types of substruc-
tures from the set of other types gives the integers. Integers also count
the number of vertices in R, whilst being of uncountable order the real
numbers enumerate the number of elements of the group Aut(R) [50].
Eventually a manifold structure will be required (see below), for
which real numbers are necessary. The uncountable order of the auto-
morphism group Aut(Rm,ω) of the multicoloured random graph on m
colours is one source. Complex numbers can arise from a definition of
an action principle in physics with a complex exponent. The geomet-
ric meaning of the imaginary “i” could simply be the introduction of
rotations, as its basic action on the complex plane would attest. We
emphasized the fundamental nature of the rotation group in [51].
Physics at energies less than 300 GeV is called ‘infrared’ and above
1 TeV is called ‘ultraviolet’. In the infrared limit an asymmetric
λijklφiφjφkφl theory, under suitable conditions, becomes O(n)-invariant.
There are many topologies and distance functions that are derivable
from the random graphs. Distance within a relational structureMmay
be a function of the degree of difficulty in going from one substructure
to another. Random graphs have a topology of pointwise convergence
of permutation groups that they support. A permutation group acting
on a set X is a subgroup of the symmetric group Sym(X). The action
is transitive if the only fixed subsets of X are the empty set ∅ and the
entire set X , and primitive if in addition the only fixed partitions of X
are {X} and the partition into singletons. Thus a group is primitive
if there are only the two trivial congruences, which are the relation of
equality and the ‘universal’ relation with x ∼ y for all x, y ∈X . A group
is n-transitive if it is transitive on the set of ordered k-subsets of X and
it is n-homogeneous if it is transitive on the set of unordered n-subsets
of X .
Let G be a permutation group acting on a countably infinite set
X . The natural topology on permutation groups is the topology of
pointwise convergence in which for a sequence gn ∈ G of permutations
G = Sym(X) on X , limn→∞(gn) = g ∈ G if and only if ∀xi ∈ X, ∃n0 ∈ ω
such that ∀n > n0, xign = xig. (We shall assume that the permutation
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groups have countable degree; for arbitrary degree we would have to
consider limits of nets rather than sequences.)
Endowing a group G with this topology turns it into a topological
group, that is multiplication and inversion are continuous, so that if
gn → g and hn → h then gnhn → gh and g−1n → g−1. Further endowing
G with a metric turns it into a complete metric space.
This in turn can potentially give a manifold-like structure.
It maybe that the graph-theoretic content of manifolds will eventu-
ally have to be considered. A lucid introduction to both the theory of
graphs in surfaces and to homology on graphs is [30] but also see the
more recent [17].
One of the few assumptions permitted in the Nielsen program is the
existence of exchange forces which permute subsystems of the abstract
set of points thereby transposing particle states. That is, in a pair
of particle states, the exchange force will exchange the two different
particles occupying these states with each other. There are a large
variety of possible types of permutations of random graph vertices that
may be brought to bear here. We mentioned possible uses of switching
automorphisms and almost automorphisms in modeling physics in [51].
A permutation g ∈ Sym(X) of X is an almost automorphism of a
multicoloured graph Γ on a vertex set X if the colour of {xg, yg} is
equal to the colour of {x, y} for all but finitely many 2-element subsets
of X . That is a permutation of the vertex set of Rm,ω is an almost
automorphism if the set of edges whose colour it alters is finite. We
discuss switchings in a later chapter.
Just as force is a gradient of energy with respect to position coordi-
nates, so exchange forces can generically be understood as the gradient
with respect to the difference in energy depending on whether or not
the Pauli exclusion principle applies. Exchange forces are central to
the emergence of bosons and fermions, and so in rendering particles
that are all different at fundamental scale but are effectively identi-
cal at low energies. One possible symmetry is a permutation of two
sets of particles which corresponds to a boson symmetry between the
two sets. This could be a local automorphism of two subsets of graph
vertices. Perhaps the permutation of two sets of fermions could be ef-
fected by anti-automorphisms. An anti-automorphism of a graph Γ is
an isomorphism from Γ to the complementary graph Γ wherein edges
and non-edges are interchanged. The idea is that the particles are so
restricted that they behave to all intents and purposes as if they were
identical in almost all respects, and in this way they become subject
to permutation symmetry operations.
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Nielsen argues in his blog post that the addition of an extra particle
to an already huge set of particles could be an argument for the SU(2)
symmetry for rotation of the superposition of the set of particles and
thereby the particle should effectively have an SU(2) symmetry. The
random graph has stability properties such as for each vertex v ∈ R,
R ≅R/{v} ≅R ∪ {v}.
The starting point of the Random Dynamics project should be the
consideration of as large a class of conceivable ‘theories’ or ‘models’ as
possible. A probability measure might then be chosen for the set of
models. The hypothesis is that a model chosen at random from this
set will almost always contain the empirically known laws of nature;
that is all the presently known laws of physics will follow from almost
any model which is sufficiently complicated enough, provided we go to
some generic low energy limit.
Froggatt and Nielsen state [24, p. 139]:
“At first, it may seem rather hopeless to try to derive low energy
physics, or even the quantum field theory of glass, out of a totally
random mathematical model. However we believe some concepts are
so general that we can hope to find them relevant in almost any suffi-
ciently rich and complicated ‘model’. For example it should be possible
to introduce a crude concept of distance, or some sort of topology, on
almost any mathematical structure S which contains a huge number of
‘elements’ having relations between themselves: the longer the chains
of intermediate elements needed to establish a relation between two
‘elements’, the further apart the two ‘elements’ are defined to be. For
such a mathematical structure, rich in the sense of having a huge num-
ber of elements and also being rather repetitive, it must be possible to
define the concept of small modifications [. . .] of the structure S.”
Multicoloured random graphs would then seem to fit this approach
and to provide us with a mathematical formalism that produces mean-
ingful theory.
So the idea behind the Random Dynamics program is that from
almost all choices of the a priori fundamental laws based on structural
stability, the resulting physical laws are unavoidable [24, p. 566], so
that a small variation of the basic dynamics that is of the equations of
motion, should not lead to an essential change.
There is one important example that rhymes with this idea. Poincare´
invariance is a given subgroup of the diffeomorphism reparameterisa-
tion group of general relativity, which under the transformation
xµ → x
′µ = Λµνxν + aµ.
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relates two coordinate systems by a Lorentz transformation Λµν followed
by a translation aµ. As we mentioned in [51], one reason for the funda-
mental importance of the Poincare´ group is that the Poincare´-invariant
linear wave equations that are based on special relativistic quantum
theory (those of Klein & Gordon, Weyl, Dirac, Maxwell, Proca, Rarita
& Schwinger, Bargmann & Wigner, Pauli & Fierz) are projections of
an irreducible sub-representation of the (universal cover R4 ⋊SL(2,C)
of the) Poincare´ group [31]. Perhaps then the Poincare´ group may be
considered as being prior to both matter and spacetime. Furthermore,
physical quantities such as energy, momentum, and angular momen-
tum can be defined as the conserved quantities associated to spacetime
automorphisms via Noether’s Theorem.
Within the Random Dynamics program itself, Froggatt and Nielsen
study a very general quantum field theory (QFT), which is not even
assumed to be Lorentz invariant, in the limit of free and lowest energy
approximation [26]. A relativistic theory with just three and in the
boson case in the form of the Maxwell equations. However this works
for one particle species on its own and does not, immediately at least,
lead to Lorentz invariance if many particle species are involved. The
three space dimensions are derived from the fact that whilst the basic
model assumes an arbitrary number of dimensions and has momentum
degrees of freedom in all these dimensions, the velocity components in
all but three dimensions turn out to be zero.
Thus almost all equations of motion would lead to internal sym-
metries such as parity, isospin, etc., relativistic invariance and other
special principles. Then if known physics emerges as a consequence of
all but those belonging to a special null measure set then there would
be no need to consider laws of nature at all or at least only as approx-
imations in some limit, and that the parameters of the fundamental
dynamics are general rather than of a special type. Relativity and 3-
dimensionality of space could be derived in the limit of low energy per
particle.
More formally begin with the largest conceivable class of models
and choose a measure on this class. Using a probability measure we
could ask for the probability that a given class of models is Lorentz
invariant. It could also lead to symmetries in certain limits [51, Section
2, Chapter 6].
The hope is that neither the choice of measure nor the choice of
parameters used to specify a measure on all the lattice models is signif-
icant [24, p. 571]. The search would be for generic properties, derived
from the topology on the set of objects or theories being studied. Such
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properties would almost certainly be true when a measure exists on the
set.
A subset of a topological space is dense if it meets every nonempty
open set. A space admitting a countable dense set is called separable.
A Polish space is a topological space that is separable and completely
metrizable, meaning that its topology is induced by a complete metric.
A topological group is Polish if the underlying topology of the group
is that of a Polish space, with the open subgroups forming a base of
open neighbourhoods of the identity 1.
A property P of elements of a topological space S is said to be
generic if the set {X ∈ S ∣ P is true for X} is the intersection of count-
ably many dense open subsets of S . For example, being irrational
is a generic property of the real numbers. The notion of genericity
is standard and already well-studied when considering homogeneous
structures such as random graphs.
One way to construct the countable random graph that is equiv-
alent to the usual method is as a countable generic structure where
generic means construction by finite approximations. Random graphs
are defined in a space of graphs with a given property. The potential
difficulties with this process are firstly that of defining a measure on
this space and secondly that of determining whether or not a limit ex-
ists. Even if a limiting structure exists it could be a surprising one.
That a random structure is not always equivalent to a generic structure
is exemplified by triangle-free graphs [50].
Alternatively a generic structure is one that is residual in some
natural complete metric space in the sense of the Baire category theorem
(see Category and Measure Appendix in [50]). This says that we can
put a natural metric structure on the class of all objects with a given age
or smaller so that the isomorphism class of such objects is residual, or
in other words that almost all objects look like the one we are interested
in.
Endowing a topological group G with a metric turns it into a com-
plete metric space, so we can use the Baire category theoretic notion
of meagre. The topology is generated by basic open sets of the form[p] = {g ∈ G ∶ g agrees with p on its domain} where p is a 1–1 map from
a finite subset of X to X . The automorphism group of any relational
structure is a closed subgroup of Sym(X) and so is automatically a
complete metric space, and therefore we can talk about generic au-
tomorphisms. A generic automorphism is one whose conjugacy class
within the group is large in the sense of Baire category. One way of
capturing the notion of g being a ‘typical’ element is to require g to
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lie in certain dense open sets. An example of a dense open set for any
g ∈ G is the set {G/g}.
A homogeneous structure will have a generic automorphism, where
a generic element of the automorphism group is one that lies in a
comeagre conjugacy class relative to the given topology. Let G be a
permutation group acting on a countably infinite set X .
For more on the notion of generic automorphism see [50].
In mathematics, a lattice is a vector space. More accurately, a
lattice L in a real finite-dimensional vector space V is a subgroup of V
satisfying one of the following equivalent conditions:
(i) L is discrete and V /L is compact;
(ii) L is discrete and generates the R-vector space V ;
(iii) V has an R-basis (e1, . . . , en) which is a Z-basis of L (that is
L = Ze1 ⊕ . . . ⊕Zen).
So a lattice in Rn is the set of integral linear combinations of n
linearly independent vectors. The lattices generated by vectors of norm
1 are Zn with the standard bilinear form.
In this brief book we can only give a flavour of the random graph
mathematics that can be put to use in modelling Random Dynamics.
One question we could seek to answer is: given a certain natural topol-
ogy on the set of all lattice theories show that Lorentz invariance is a
generic property in the low energy limit. A lattice could reasonably be
taken to be a low energy limit of a graph.
Amongst the derived symmetries to which it is hoped that the Ran-
dom Dynamics approach can be applied [24, Chapter VII] are:
(i) macroscopic scaling symmetry present for a very large number
of molecules but absent at the atomic scale;
(ii) five symmetries derived from the SM, (a) charge conjugation in-
variance, (b) parity invariance, (c) time reversal invariance, (d) flavour
conservation (including any baryon and lepton number conservation),
and (e) chiral symmetry (including Gell-Mann-Ne’eman SU(3)).
There are exact symmetries for example CPT invariance, baryon
number conservation and conservation of lepton number for each gen-
eration. Approximate symmetries such as C, P, and T , flavour and
chiral symmetries are derived.
Given that parity and strangeness conservation are derivable from
the strong and electromagnetic interactions there is no reason why weak
interactions should conserve them.
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Poincare´ symmetry, including rotational and space-time transla-
tional symmetries are considered part of the diffeomorphism symmetry
of general relativity. So a proper account of their origin must go be-
yond known theory to consideration of say a pregeometric theory, as
must any account of gauge invariance.
But it is not merely symmetries whose origin random dynamics aims
to uncover. The idea goes further in suggesting that almost any theory
proposed at random will in one or more limits, say at low energies, pos-
sess the regularity in question. Almost any model at the fundamental
level would then be a theory of everything rather than one specific one.
The observed physical laws would seem to be stable under changes of
the fundamental model. This random dynamics philosophy overlaps
with that of Wheeler’s ‘Law without Law’ [58].

CHAPTER 2
Emergence of Space and Quantum Mechanics
The following discussion [24] is preliminary and abstract. Begin-
ning with a random mathematical structure M space-time must be
introduced and physical objects must be identified.
Physical states or ‘wavefunctions’ are defined on a topological space
SM constructed from the structure. A topology on the random struc-
ture would give the concept of distance.
The vector space of small modifications of M is identified with
the Hilbert space of a generalised QM, and the topological space on
M is the configuration space of functions for a quantum field-type
theory, that is, each point in the topological space corresponds to a field
configuration. The field values over space-time become the coordinates
for SM which then essentially becomes a differentiable manifold. Then
assume that it is possible to find a tangent vector space to SM.
Introduce a topological structure on the basis vectors or ‘directions’
in the tangent space, so as to identify coordinates in SM with points
or small regions in a pregeometrical space. These directions could
form another complicated mathematical structure and again as for SM,
two ‘directions’ are close together if a simple mathematical operation
connects them.
Groups of ‘directions’ in the tangent space can form neighbour-
hoods or small overlapping structures associated with small regions in
a pregeometrical space-time. Associating field values, that is points of
SM, with small regions of space-time ensures a local field theory in the
long wavelength limit.
Next identify a certain configuration as the vacuum state and a
symmetry group of gauge transformations including ones that might
form a diffeomorphism group permuting points of the pregeometric
space which may themselves be identified with space-time points. Or-
bits under diffeomorphism group action could then form space-time
manifolds.
In Random Dynamics the action is assumed to be that of a dis-
cretized lattice-type QFT rather than the usual continuum theory. The
founders chose the description glass by analogy with the “frozen in”
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structure of a spin glass. The resulting QFT glass is modelled as a
Feynman path integral with constant (or in the terminology quenched)
random parameters. Then quantum fluctuations are thought to smooth
out the QFT glass into a continuum theory.
In building a field theory glass model, a generalised quantum field
φ(i) is defined on a set of quenched random space-time points {i} and
takes values in quenched random manifolds Mi. Quenched parameters
are chosen randomly but are then fixed in the path integral. The field
theory glass action
S[φ] =∑
r
Sr(φ(i)), i ∈ r,
is a sum over contributions Sr(φ(i)) from many small overlapping re-
gions r in space-time. A gauge theory for which the gauge symmetry
group varies randomly across the regions, called a gauge glass, is con-
structed on which continuum gauge field degrees of freedom Aaµ(x) can
be imposed. A gauge glass model has randomly varying parameters on
the “lattice”, though the same random value at any given plaquette is
retained throughout; the value is then called quenched.
We take up the issue of the gauge group having nontrivial outer
automorphisms in Chapter 4.
Let NM(X) be the number of substructures X of the relational
structure M and NX(Y ) be the number of substructures Y of X .
Clearly, these are natural numbers including zero.
A coordinate system can be formed in which we can associate one
substructure with each coordinate. The whole of M would then be
describable by a vector in a vector space with a basis in corespondence
with the substructures.
A mathematical structure such as a graph is a Cayley object, O, for
the group G if its point set are the elements of G and right multiplica-
tion by any element of G is an automorphism of O. A Cayley graph for
a groupG takes the form Cay(G,S), where S is an inverse-closed subset
of G/{1} with vertex set G and edge set {{g, sg} ∶ g ∈ G,s ∈ S}. As G is
countable, we can enumerate the inverse pairs of non-identity elements
of G as {g1, g−11 },{g2, g−12 }, . . .. Baire category theory can sometimes
be used for building a homogeneous Cayley object for a group G, by
showing that almost all G-invariant objects of the required type, that is
a residual set of them, are homogeneous. In order to make sense of the
notion of a residual set of Cayley graphs for G, specify Cayley graphs
by paths in a ternary tree, whereby the three descendents of a node or
vertex at level n correspond to including or excluding the inverse pair
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{gn+1, g−1n+1} in one of the colour classes of G; call these colour classes
red (r), blue (b) and green (g).
●{gn+1, g−1n+1}∈ r
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙
●{gn+1, g−1n+1}∈ b ●{gn+1, g−1n+1}∈ g
❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦
●
●
Figure 1. Colour classes of G
The set of three-coloured Cayley graphs is identified with the set
of paths in the ternary tree. In Baire category theory if an object is
specified by a countable sequence of choices, then the existence of one
such object with a given property P can be proved by showing that
P holds for ‘almost all’ choices. Let P(T ) denote the set of paths
of countable length starting at the root of a tree T , whose nodes at
height n are labelled by structures on {1, . . . , n}. We define the distance
between distinct paths p and p′ to be f(n), where n is the height of
the last node at which p and p′ agree, and f is any strictly decreasing
function tending to zero. The complete metric space to which the Baire
category theorem will be applied arises from paths in rooted trees of
countable height. A Cauchy sequence in this space is a sequence of
paths agreeing on increasingly longer initial segments, and so has a
unique limiting path. In this way a complete metric space can be
built.
We require an interpretation of openness and denseness to formulate
residual sets in this space. An open ball consists of all paths in the
tree containing a given vertex. A set S of paths is open (or finitely
determined) if each path in S has a vertex such that every path through
this vertex is in S. A set S is dense (or always reachable) if it meets
every open ball, i.e. if all vertices lie on some path in S. The triality
graph is the Fra¨ısse´ limit of the class of all appropriately defined finite
3-coloured graphs, so with a countable vertex set the isomorphism class
of Rt is residual in the set of 3-coloured graphs on vertex set N. Thus
it makes sense to talk of a residual set of Cayley graphs for G. The
metric space has an underlying topological space, where the topology
lies on the collection of inverse closed subsets of G.
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For a physical interpretation we may be able to identify the types
of substructures with possible paths in the Feynman path integral.
That is to say ei/h̵S(path) = NM(X(path)), where X(path) is the
substructure corresponding to path.
Another possibility is that the path from one vertex to another in
the graph is what identifies the discrete parts of a path integral.
The transition amplitude from an initial to final state in usual Feyn-
man path integral is the funtional integral
< f ∣U(ti, tj)∣i >= ∫ e ih̵Stitf (path) Dpath,
where Stitf (path) is the integral of the Lagrangian is over the path
being integrated in between times ti and tj.
The fields remain real or complex as usual but the coupling con-
stants and squared masses are assumed complex giving S(history) =
SR(history) + iSI(history).
Adding an imaginary part to the Lagrangian density allows the
action to be complex. The imaginary part SI(path) of the action is
a weight function of the usual real-action Feynman path integral and
only when SI(path) is very negative will the factor e−S(path) dominate
the Feynman path integral. An action with both real and imaginary
parts leads to the second law of thermodynamics.
The imaginary part SI of the action can be thought of as the time-
integral over the imaginary part of the Lagrangian for t ∈ (−∞,∞). One
consequence of introducing an imaginary part to the action used in the
path integral, of a similar form to the usual real part but with different
parameters, is a model determining not only equations of motion but
also the initial conditions by typically providing a large factor in the
probability thereby fixing the path obeyed by the equations of motion
and the initial conditions. The imaginary part SI of S = SR + SI fixes
a state in both the future and past, for example the particle’s position
when it went past the double slit screen.
Two approaches to extracting probabilities and expectation values
are then outlined [44]. Firstly allowing a natural definition of an aver-
age of quantity O as a function of the fields φ
⟨O(φ)⟩ = ∫ e
iS[φ]O(φ)Dφ
∫ eiS[φ]Dφ
may give a complex probability in a path integral. The second approach
inserts a series of projections onto small regions for operators and take
the modulus square of the integrals between initial and final values.
Under certain assumptions the two approaches should approximately
agree with each other.
2. EMERGENCE OF SPACE AND QUANTUM MECHANICS 19
It is hoped that the Feynman path integral formulation could arise
from Random Dynamics plus a few extra assumptions [5], and it seems
that taking an imaginary action is what is required [40] because this
determines which of the solutions of the equations of motion is the right
one and thus determines initial conditions.
In [5] Bennett, Kleppe and Nielsen discuss the possibility of random
complicated structures leading to manifolds, via concepts of connectiv-
ity and nearness or resemblance of one substructure with another. The
numbers of substructures determining the coordinates of the mathe-
matical structure are given by a matrix which shows how to get to
certain substructures from others. In particular, with as many rows
and columns as there are number of types of substructures, that is
paths.
Matrices that grow to reflect subgraphs on the way to constructing
the random graph have also been used, as we shall now see. The edge-
set of a simple graph on a given countable vertex set can be thought of
as a countable zero-one sequence, leading to the fact that the class of
graphs forms a complete metric space, of which the subclass of graphs
satisfying the two-colour injection property (equivalent to the one-point
extension property (∗2) for 2 edge-coloured graphs) is a residual sub-
set [50].
The metric space equivalent of the random graph is uniquely defined
by a one-point extension property as it is for random graphs. A metric
space X is called a (generalized) Urysohn space [54] if whenever A ⊆ X
is a finite metric subspace of X and A′ = A ∪ {a} is an arbitrary one-
point metric space extension of A, the embedding A ↪ X extends to
an isometric embedding A′ ↪ X . Up to isometry there is only one
universal complete separable Urysohn metric space, denote it U, which
contains an isometric copy of every separable metric space.
The way to show that U is the ‘Random Polish Space’ is to choose
n-tuples of random real numbers as distances from n-dimensional Eu-
clidean space Rn, take a measure for each dimension, and construct a
countable space one point at a time using a suitable measure on exten-
sions via a ‘random metric’ between the (n + 1)st point and the first n
points, ensuring that the triangle inequality which determines a cone in
Rn is satisfied each time. Finally take the completion of this. We can
say more precisely what a random metric on N looks like. Let a0, a1 be
the first two points of the space. Choose d(a0, a1) = x(1)0 ≥ 0, to lie in
R+, where the superscript denotes dimension. Next, choose a2 so that
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d(a0, a2) = x(2)0 = x ≥ 0 and d(a1, a2) = x(2)1 = y ≥ 0 satisfying
∣x − y∣ ≤ x(1)0 ≤ x + y.
Now choose a3 so that d(a0, a3) = x(3)0 = z1 ≥ 0, d(a1, a3) = x(3)1 = z2 ≥ 0
and d(a2, a3) = x(3)2 = z3 ≥ 0 satisfying several inequalities of the form
∣z1 − z2∣ ≤ x(2)0 ≤ z1 + z2.
Each cone at each new dimension depends on the previous one. By
choosing a wide range of reasonable measures on all cones, the com-
pletion of N equipped with a random metric is almost always isometric
to U. A. Vershik [55] attaches admissible vectors to distance matrices
in order to mimic the one-point extension property. The indivisibility
property of U whereby if B ⊂ U is an open ball then U/B ≅ U is equiv-
alent to removing a row and some columns in the distance matrices
stabilizing U.
It is possible to construct R from U. Any group acting on U with a
countable dense orbit preserves the structure of R on the dense orbit.
Topology is in a sense a generalisation of geometry where sets of
points and their relation to each other is the central idea rather than
studying solid objects. There is a natural topology for the ordinary two-
colour random graph which may well have a physical interpretation,
and that is the neighbourhood topology [50].
In [50, Chapter 8] we studied a filter, to be defined shortly, and
a topology defined naturally from R, generated by the vertex neigh-
bourhoods in R, and whose automorphism groups contain the auto-
morphism group of R. For such neighbourhood filters, R has a ‘uni-
versal’ property: any countable graph whose neighbourhood filter is
non-trivial contains R as a spanning subgraph. From the injection
property of R it follows that any finite vertex set of R has a com-
mon neighbour, and this property characterizes the class of countable
graphs containing R as a spanning subgraph.
A filter on a set is a family F of subsets of the vertex set V (R) of
R satisfying
● X,Y ∈ F implies X ∩ Y ∈ F ;● X ∈ F , Y ⊇X implies Y ∈ F (upward closed).
A filter F is trivial if it consists of all subsets of V (R); it is principal
(one-generated) if it consists of all sets containing a fixed subset A of
F ; and it is an ultrafilter if, for any X ⊆ V (R), just one of X and
V (R) ∖X belongs to F .
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If F is a filter, then F ∪{∅} is a topology. Since V (R) is countable,
no non-discrete metric on V (R) can be complete. If the topology is
not discrete then the set of complements of finite unions of discrete sets
is a filter.
Let Γ denote a graph and Γ(v) be the set of vertices attached to
vertex v in the graph.
2.1. Proposition. Suppose that Γ has the property that each vertex
has a non-neighbour. Then the filter generated by the closed neighbour-
hoods Γ(v) = Γ(v) ∪ {v} is equal to FΓ.
Let R denote the countable random graph.
2.2. Proposition. The following three conditions on a graph Γ are
equivalent:
(a) FΓ is nontrivial;
(b) Γ contains R as a spanning subgraph;
(c) FΓ ⊆ FR.
This result [50] shows that FR is the unique maximal neighbour-
hood filter. But this uniqueness is only up to isomorphism. So part (c)
really means that FΓ is contained in a filter isomorphic to FR.
Grafting QM onto classical objects such as random graphs can ei-
ther be done by attaching Hilbert space(s) to vertices or edges, or as
an integrand in a Feynman path integral. Heuristicallly the random
mathematical structure M can be interpreted as an affine space; its
basis of vectors is itself an affine space which must be interpreted as
the space of paths. Each unit volume in the vector space has a weight-
function-induced probability density for the infinitesimal region around
a point to be realized as a true structure.
The algebraic structures relevant to applications could be rings
rather than vector spaces. Rings are flexible enough to allow linear
superpositions of elements, are more general than algebras, and inter-
sect algebras in the class of linear spaces; see Appendix B of [50].
Two relational structures with the same age have the same graded
algebra up to isomorphism, hence the name age algebra. In fact the
homogeneous components are indexed by an age of the appropriate size
and so algebras built out of the age are equal and not just isomorphic.
The converse is not true.
In [50, Chapter 5] we found an isomorphism between two algebras
with very different structures in the finite algebra case, one graded and
the other semisimple, but which are isomorphic in the infinite case.
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Let M be a relational structure on a set X , finite or infinite. For
any natural number n ∈ N, let Vn denote the vector space of all complex-
valued functions from n-element subsets of X to C which are constant
on isomorphism classes of n-element substructures ofM, and construct
an algebra by
A =⊕
n≥0
Vn.
There are different ways to define multiplication on A, each of which
could turn it into a commutative and associative algebra. This was
studied in [50].
When the relational structure is a graph, there is a separate combi-
natorial problem of how many graphs can be fitted into a larger graph
on a given vertex set, and one approach to its resolution is exemplified
by the following.
Denoting the number of i-vertex graphs Γi that can be embedded
as induced subgraphs of a j-vertex graph (j ≥ i) by a double angled
bracket, we have that
⟪Γj ∶ Γi⟫ =∑⟪Γj ∶ Γj−1⟫⟪Γj−1 ∶ Γi⟫ (1)
= [(j − 1
j − 1) + . . . + (
j − 1
2
) + (j − 1
1
)]⟪Γj−1 ∶ Γi⟫ (2)
where the sum is over all j −1 vertex graphs. This gives a recursive
combinatorial expression, with the possible use of the following known
identities:-
(1) the recurrence relation for Bell numbers:
Bnn = ∑nk=1 (n−1k−1)Bnn−k = ∑nk=1S(n, k),
(2) (n
k
) = (n−1
k−1
) + (n−1
k
),
(3) L(n, k) = (n−1
k−1
) n!
k!
; L(n, k + 1) = n−k
k(k+1)L(n, k); and(−1)nL(n, k) = ∑z(−1)zs(n, k)S(n, k),
where the unsigned Lah number L(n, k) counts the number of ways
a set of n elements can be partitioned into k nonempty linearly ordered
subsets, and s(n, k) is the Stirling number of the first kind.
Combinatorial Enumeration
Let M be a countable homogeneous structure with age A and let
G = Aut(M). By homogeneity, two finite subsets of M lie in the same
G-orbit if and only if the induced substructures are isomorphic. So
the sequence enumerating unlabelled n-element members of A (that is,
up to isomorphism) is identical with the sequence enumerating the G-
orbits on unordered n-element subsets of M. Similarly, the number
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of labelled n-element members of A (that is, members of A on the set{1,2, . . . , n}) is equal to the number of G-orbits on ordered n-tuples of
distinct elements of M.
Let G be an oligomorphic permutation group acting on each of the
sets Xn (all n-tuples of elements of X), X(n) (all n-tuples of distinct
elements of X), and X{n} (all n-element subsets of X). If F ∗n , Fn and
fn denote these numbers of orbits then fn ≤ Fn ≤ n!fn, since each orbit
on n-sets corresponds to at least one and most n! orbits on n-tuples.
A permutation group is n-transitive if Fn = 1, and n-homogeneous if
fn = 1.
Also,
F ∗n =
n
∑
k=1
S(n, k)Fk,
where S(n, k) is the Stirling number of the second kind, the number
of partitions of an n-set into k parts. For an orbit (α1, . . . , αn)G on n-
tuples determines, and is determined by, a partition of {1, . . . , n} into
k parts (where i and j lie in the same part if αi = αj) and an orbit
on k-tuples of distinct elements. The exponential generating function
is given by F (t) = ∑ Fntnn! . The series F (t) for a direct product (in the
intransitive action) or a wreath product (in the imprimitive action) can
be calculated from those of the factors:
FG×H(t) = FG(t) ×FH(t),
FGWrH(t) = FH(t)(FG(t) − 1).
If S = Sym(ω) where ω denotes countable infinity and the sequence
α is realized by a group G then Sα is realized by GWrS.
Let G act transitively on X , and Gx be the stabilizer of the point
x ∈X . It can be shown that
FGx(t) = dd tFG(t),
or equivalently differentiating an exponential generating function cor-
responds to shifting the sequence terms one place to the left,
Fn(Gx) = Fn+1(G).
So there is an equivalence between Gx-orbits on n-tuples and of G orbits
on (n+1)-tuples. If G is intransitive, then the derivative of FG(t) gives
the sum of FGx(t), over a set of representatives x of the orbits of G.
For any oligomorphic group G, generalized Stirling numbers de-
noted by S[G](n, k), can be defined that obey
n
∑
k=1
S[G](n, k) = Fn(GWrS),
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and have the composition property
n
∑
l=k
S[G](n, l)S[H](l, k) = S[GWrH](n, k),
where Wr denotes wreath product. The last result can be expressed
in terms of infinite lower triangular matrices of generalized Stirling
numbers.
There is a linear analogue of the combinatorics of sets and functions
that applies to vector spaces over finite fields and linear transformations
in which the Gaussian (or q-binomial coefficient) replaces the binomial
coefficient. These coefficients enumerate the number of k-dimensional
subspaces of n-dimensional GF (q)-vector space [34].
There are general theorems on growth rates of counting sequences,
many of them requiring a primitive permutation group G = Aut(M),
for example if M =R. Primitivity can be completely described if G is
oligomorphic.
Within the area of probabilistic combinatorics, there are various
concepts with suggestive titles such as the concentration of measure
in discrete random processes that may be brought to bear but these
would have to be studied before an assessment can be made of their
utility to Random Dynamics program.
With one eye on the philosophy of the path integral, one of the
questions in random graph theory is can it be shown that some random
variables are concentrated around either their expected values or their
expected trajectories as an underlying random process evolves? The
differential equation method of Wormald [60] and its extension due to
Bohman [10] uses solutions of differential equations to approximate the
dynamical evolution of the random process.
Once space and time are derived position, momentum and transla-
tional invariance follow as well as energy and momentum conservation.
Rotational invariance may come with angular momentum conservation.
Nielsen and Kleppe returned to the theme of a derivation of space
in [43]. They postulate the existence of an abstract, general phase
space or state space together with a random generic Hamiltonian H
and then examine the statistically expected functional form of the “ran-
dom H(Ð→q ,Ð→p )”. Within phase space one state is identified as the key
vacuum state given by a wave function; classically this is a point but
quantum mechanically it is a volume hN (uncertainty principle). Be-
cause of quantum mechanics, space is identified with half of the 2N
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dimensions of the phase space of a very extended wave packet which is
a superposition of the different field degrees of freedom.
A wave function can be approximated by excitable displacements
of the transversal directions of the N -dimensional manifold.
The primacy of 3+1 dimensions is hinted at by the observation that
if non-Lorentz invariant terms are added to the Weyl equation, only in
3+1 dimensions does Lorentz invariance eventually emerge.
Random Dynamics takes nature to be nonlocal because it is argued
that locality only makes sense in the presence of a spacetime or at least
a manifold, whilst field theory assumes locality that is all interactions
occur in one spacetime point.
This nonlocality is intended to be inherent in nature, as opposed
to being of a dynamical origin, for example the purported quantum
non-separability which arises as nonlocal correlations. Locality is then
explained using diffeomorphism symmetry (that is invariance under
reparametrization mappings) and a Taylor expansion of the action.
Translational invariance also follows from diffeomorphism symmetry.

CHAPTER 3
The Gauge Glass
Recall the postulate of the Random Dynamics project that any
sufficiently general initial assumptions or axioms or model at the fun-
damental scale will lead to the same known physical laws.
Nielsen and co-workers have devised discrete spacetime so-called
gauge glass models, inspired by lattice gauge theory, to derive criteria
for the breaking of a large over-group to the Standard Model group.
The name gauge glass was chosen to be analogous to a spin glass whose
“frozen in” structure is reminiscent of that of glass.
An explanation as to why the SM group is group S(U(2) ×U(3))(⊆ SU(5)) defined by the set of matrices and why groups with complex
representations are likely to be more important down to low energies
than those with only real self-conjugate representations can be found
in the paper [4] by Bennett, Brene and Nielsen. The complex repre-
sentations should have complex conjugation as an automorphism; it is
the only automorphism of the SM group.
A reflexive, symmetric and transitive binary relation on a set is
an equivalence relation, and one that is reflexive, antisymmetric and
transitive is a partial order. A lattice in lattice gauge theory is a set of
elements with a partial order, the elements being lattice sites connected
by lattice links. The sites can be interpreted as charges or as sinks or
sources of magnetic fields.
Link variables defined on the edges of the lattice are the fundamen-
tal variables of the lattice theory. Denoted U( ●x ●y) ∈ G they
are elements of the gauge group G describing a symmetry of the lattice
gauge theory. The continuum space version of the link variable is a
parallel transport operator between the points x and y:
U(x, y) = Peig ∫C Aµ(x)dxµ
where P is the path ordering operator and C is a curve between points
x and y. The operator W = tr(Peig ∮C Aµ(x)dxµ) is the Wilson loop.
For a scalar field φ(x) interacting with a gauge field Aµ the term
φ+(y)U(x, y)φ(x) is a gauge invariant observable.
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The link variable connects the point n and the point n + aµ, where
the index µ indicates the direction of a link in the hypercubic lattice
with parameter a. The lattice version of the equation for the parallel
transport operator is
U( ●x ●y) = eiθµ(n) ≡ Uµ(n).
Considering the continuum limit a → 0 of this operator we have that
θµ(n) = aAˆµ(x) where Aˆµ(x) = gAjµ(x)tj and tj generates G = SU(n).
For example, if n = 1 then Aˆµ(x) = gAµ(x) and for n = 3 tj = λj/2
where λj are the Gell-Mann matrices.
The links couple together to form lattice plaquettes, denoted ◻,
where the plaquette variables U◻ and plaquette action S◻ contributions
are defined below; see Figure 1. To model the gauge invariant action
of the gauge theory assume that Bianchi identities are satisfied; see
next chapter. These identities apply also to plaquettes in more than 2
dimensions, for example to cubes in a 3-dimensional lattice.
The lattice action S is invariant under the gauge transformations
U( ●x ●y) → Λ(x)U( ●x ●y) Λ−1(y)
on a lattice where Λ(x) ∈ G. In 4-dimensional Euclidean space the
analogue of the partition function is a path integral
Z = ∫ DU( ● ● )e−S[U( ●x ●y) ].
The lattice field theory is built in such a way that in the continuum
limit it gives a regularized smooth gauge theory of fields Ajµ(x).
The coupling constant strength determines the quantum field fluc-
tuations which in turn determine the vacuum phases. Short range cor-
relations correspond to the confinement-like phase in which the Bianchi
identities can be assumed negligible implying the approximate inde-
pendence of the fluctuations of each plaquette in a lattice cell. In the
Coulomb phase the electromagnetic potential and photons have infinite
range and so the Bianchi identities lead to a correlation of plaquette
variable fluctuations over distances of many lattice constants and more.
Different combinations of gauge field phases correspond to differ-
ent vacuua. The phase transations at the multiple point of a phase
diagram for a lattice gauge theory are first order and the phases are
distinguishable at the lattice scale.
Commutator relations in non-abelian groups constrain the gauge
coupling normalization but they are absent in abelian groups. Rescal-
ings of the gauge potential are only possible in the abelian sectors so
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Figure 1. Lattice Gauge Theory Plaquette
here the gauge couplings have no physical significance and so the U(1)
has no intrinsic unit of charge.
By analogy with lattice gauge theory, consider links between sites
and associate group-valued link variables corresponding to a gauge
group G which gives symmetries of the theory. Introduce dynamics
through an action S composed additively of contributions from all
primitive polygons (plaquettes in the case of a regular cubic lattice). To
achieve gauge invariance on the lattice, the individual “plaquette” con-
tributions S(◻)must be invariant functions of the “plaquette” elements
which themselves are products of the link elements circumscribing the
“plaquettes”:
U◻ ∶= U(◻1)U(◻2)U(◻3)U(◻4), (3)
S◻ = S(class(U(◻))).
The class of an element here refers to the conjugacy class set of all
elements equivalent to the element under conjugation:
class(U) = {gUg−1 ∶ g ∈ G}.
An example of a class function is S◻ = Re[β◻trrep{U(◻)}] where
trrep denotes the trace of some matrix representation, and β = 1/g2c
where gc is the gauge coupling constant.
In the simplest case, G = U(1), S◻ = β∑◻Re(U(◻)) and the link
variables U( ● ●) ∈ C are modulus one complex numbers.
In the lattice model, the Lorentz gauge condition is
∏U( ●x ●y) = 1
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where the product is over all links ●x ●y . Also we can write
U( ●x ●y) = eiθ◻ . These plaquette link variables are not indepen-
dent but satisfy a Bianchi identity (see later). So the simplest lattice
U(1) action takes the form S◻ = β∑◻ cos(θ◻). For the compact lattice
QED, β = 1/e20 where e0 is the bare electric charge.
Wilson’s original simplest action for the lattice SU(n) gauge the-
ories S = −β
n ∑◻Re(tr(U◻)) where the sums run over all plaquettes of
a hypercubic lattice and U◻ belongs to the adjoint representation of
SU(n) generalized by Bhanot and Creutz [8] [9] to
S = ∑
◻
[−βf
n
Re(tr(U◻)) − βA
N2 − 1Re(trA(U◻))]
where βf , tr and βA, trA are respectively the lattice constants and traces
in the fundamental and adjoint representations of SU(n).
The phase diagrams for the generalized lattice SU(2) and SU(3)
theories using Monte Carlo methods have a triple (boundary) point of
three first-order phase transitions, where the “Coulomb-like”, Zn and
SU(n)/Zn confinement phases meet. Three phase border lines emanate
from the triple point which separate the corresponding phases. The
SU(n)/Zn phase transition is due to a condensation of monopoles.
The discrete Zn phase transition occurs when lattice plaquettes change
from the identity to nearby elements in the group.
Lattice gauge theory assumes a regular lattice, a given gauge group
and a given form of the plaquette action throughout the lattice. A
gauge glass model has randomly varying parameters on the “lattice”,
though the same random value at any given plaquette is retained
throughout, that is it is “quenched”.
Randomness can be introduced in a variety of ways:-
(i) The sites can be irregularly distributed (hence the quotation
marks around “lattice” and “quenched”). However this possibility is
not considered and the gauge glass lattice is taken to be a regular
hypercubic lattice in n-dimensional space (-time).
(ii) Fix the gauge group throughout the lattice but randomly vary
the functional form of each plaquette action, for example in
S =∑
◻
Re[β◻trq{U(◻)}]
take β◻ to have a random value for each plaquette and the trace to be
in the quark-like representation q.
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(iii) If the gauge group has isomorphic subgroups, which are present
on all links that join at a site, these are not in the first instance distin-
guishable in a gauge glass model. So in going around a plaquette the
subgroups can either remain separate or can be mixed together.
(iv) Associate a new group in a random quenched manner to each
link; again this is not considered in the gauge glass models.
Regardless of the randomness, the action is constructed to be in-
variant under the gauge group G but the ground vacuum state, which
is determined by the minimum energy value, need not be. Let U(◻)pref
be the energetically preferred value of plaquette group element. Only if
U(◻)pref commutes with every element of the group G will the vacuum
be invariant under global gauge transformations. So the best surviv-
ing elements will belong to the center of the group, that is the set of
elements that commute with each group element. The SU(n) groups
have such central elements, but the SO(n) groups have a discrete part
of the center divided out. The center of all groups of the form SO(2n)
n > 1, for example SO(8) is Z2 = {±1}.
The central elements are required to be continuous meaning that
there are elements in the center that are arbitrarily close to the unit
element. Also the center must be connected so that the preferred pla-
quette values do not lie in a different nonconnected part of the center.
The group S(U(2) ×U(3)) has a compact connected center.
The purported randomly chosen gauge group near the Planck en-
ergy breaks down in a series of steps until the group remaining at the
gauge glass level has the required properties of its central elements and
has no multiple occurrences of isomorphic factors.
According to the Random Dynamics philosophy, in reaching the
group S(U(2) × U(3)) neither the specific structure of the “lattice”
nor the choice of action for any given plaquette nor the group chosen
as long as it is sufficiently large, are crucial.
As to the origin of the gauge glass, associated to each link of a
random lattice group variables which approximately stabilize the local
action contributions [20]. These new variables may eventually lead to
gauge fields with massless gauge quanta for those parts of the symmetry
that are not broken. In other words the large distance behaviour of
gauge theories is stable, within certain limits, to the addition of gauge
non-invariant interactions at small distances.
Switchings and Switching Automorphisms of Graphs
Having proved theorems [50] [51] that connect random graph ver-
tices and edges in a 1–1 correspondence with lattice points and links
respectively we require at least one physical interpretation of the graph
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vertices and edges. We are potentially provided with one by the Ran-
dom Dynamics program where the regular hypercubic lattice in normal
lattice gauge theory is replaced by an amorphous glass-like structure
simply by letting the lattice sites take random positions separated by
distances of order the Planck length. (It could be that a lattice is
the local version of a global random graph structure, in parallel to the
Random Dynamics philosophy that what we observe at our low energy
level can be interpreted as essentially correction terms of a description
of the physics taking place at a higher energy level.) This interpreta-
tion needs to be expanded upon, but one possible step thereafter is to
understand some of the groups that are naturally supported by random
graphs and then to explore whether or not any physical meaning can
be attributed to such groups. The purpose of this subsection is to look
at one type of such groups.
Let Gm,n be the set of simple complete graphs on a fixed set of n
vertices and m edge-colours and Γ ∈ Gm,n be an arbitrary element of
this set.
Let c and d be distinct colours, and Y a subset of the vertex set X
of the graphs in Gm,n. The operation σc,d,Y interchanges the colours
c and d whenever they occur on an edge with just one vertex in Y ,
leaving all other colours unchanged. Note that
σc,d,Y = σd,c,Y = σc,d,X∖Y
and
σ2c,d,Y = 1.
The switching group Sm,n is the group of permutations of Gm,n gener-
ated by the switching operations, which are defined to be the switchings
on all vertex subsets ofX . A switching class is an orbit of Sm,n on Gm,n.
The structure of the group of all switchings on n-vertex subgraphs
having m colours is given by
Sm,n ≅ (Alt(m))n(n−1)/2 ⋊ (C2)n−1.
Here C2 is the smallest non-trivial group consisting of the identity
element and transpositions, and the alternating group Alt(m) of even
permutations is the index-2 normal (that is, invariant) subgroup of the
symmetric group Sym(m) of all permutations.
The semi-direct product action here partitions the vertex set into
two parts and the C2 groups transpose the colours on edges crossing the
partition. This structure is retained in the limit of an infinite number
of vertices, as n →∞, and it specializes to S2,n = Cn−12 in the two-colour
case.
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If g is any element of Sym(X), the symmetric group of all per-
mutations on X , then σgc,d,Y = σc,d,Y g . So Sym(X) normalises Sm,n.
Note that Sym(X) also acts on the set Gm,n, and hence so does the
semi-direct product of these groups.
Let Γ be an element of Gm,n, that is, an m-coloured graph on X .
The group of switching automorphisms SAut(Γ) is defined by
SAut(Γ) = {g ∈ Sym(X) ∶ ∃σ ∈ Sm,n, Γg = Γσ}.
That is, it consists of all permutations of X whose effect on Γ can be
undone by a switching.
Another way to think about this group is as follows: if Gˆ is the
stabilizer of Γ (so Γ = Γσg−1, and g undoes the effect on Γ of σ) in
the semi-direct product Sm,n ⋊ Sym(X), then SAut(Γ) is the image
of Gˆ under the canonical projection of the semi-direct product onto
Sym(X).
Note that multicoloured graphs in the same switching class have
the same group of switching automorphisms. For suppose that g ∈
SAut(Γ), so that Γg = Γσ, and let τ be any switching operation. Then(Γτ)g = (Γτ)τστ g ; since τ g is again a switching operation, g is a switch-
ing automorphism of Γτ .
That switching is an equivalence relation is easily seen: (a) Reflex-
ivity - switch with respect to the whole of set X and everything outside
X , that is ∅. (b) Symmetry - switch with respect to Y ⊂ X ; and then
Y again to recover the original configuration. (c) Transitivity - switch
with respect to Y1 ⊂ X then with respect to Y2 ⊂ X is the same as
switching with respect to Y1 △ Y2, the symmetric difference of Y1 and
Y2.
A First Presentation of Sm,n. In [50, Chapter 4], we derive two
presentations of the switching groups Sm,n for graphs on n vertices and
m colours. The first comes out as
Sm,n = ⟨σc,d,i,1 ≤ i ≤ n,1 ≤ c < d ≤m, ∣ σ2c,d,i = 1,∀c, d, i,(σc,d,iσc,d,j)2 = 1,∀c, d, (i ≠ j), (σc,d,iσc′,d′,i)3 = 1,∀i ∀{c, d} ≠ {c′, d′},(σc,d,iσd,c′,j)2 = (σc,c′,iσc,d,j)2 (= (σc,d,iσd,c′,jσc,d,iσc,d,j)2), (∀c ≠ d ≠ c′)(∀i < j)⟩.
The second presentation leads us to define and study a type of
generalized Coxeter group, with the following as basic motivation.
A Coxeter group has generators s1, . . . , sk and relations s2i = 1 and(sisj)mij = 1, where mij = {2,3, . . . ,∞}. The finite Coxeter groups are
the finite real reflection groups [32].
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The Coxeter group Cox(Γ) may be defined on a graph Γ and is
generated by vertices si ∈ Γ (i ∈ I), such that
s2i = 1 ∀si ∈ Γ;(sisj)2 = 1⇔ sisj = sjsi if si, sj are disjoint;(sisj)3 = 1⇔ sisjsi = sjsisj if si, sj are joined by a single edge;(sisj)mij = 1 where an edge is labelled mij or
there are mij − 2 parallel edges.
For example, Sym(n) is a Coxeter group represented by the following
diagram:
○ ○ ○ . . .. . . ○
which has n − 1 nodes indexed by (i ∈ I), and where si ↦ (i, i + 1).
A Second Presentation of Sm,n. A second type of Sm,n presentation
is given in terms of involutions about vertices and 3-cycles about edges,
and can be recovered by inspection of the form of the switching groups.
For example S3,3 ≅ (Alt(3))3 ⋊ (C2)2 consists of 3 generators a1, a2, a3
that are intended to represent three 3-cycles and two involutions b1 and
b2 whose actions are shown in the following picture
3
a2=(jki)→ j
✂✂
✂✂
✂✂
✂✂ i ←a1=(ijk)
❁❁
❁❁
❁❁
❁❁
b1 = (jk) // 1
k ←a3=(kij)
2 b2 = (ik)oo
The presentation is given by
S3,3 = ⟨a1, a2, a3, b1, b2 ∣ a3i = 1, [ai, aj] = 1, b2i = 1, [bi, bj] = 1,
b−11 a1b1 = a1, b−11 a2b1 = a−12 , b−11 a3b1 = a−13 , b−12 a1b2 = a−11 , b−12 a2b2= a2, b−12 a3b2 = a−13 ⟩.
Extrapolating from 3 to a finite number n of vertices, we can give
generators for S3,n as b1, . . . , bn−1, aij ,1 ≤ i < j ≤ n, where the bi are
transpositions of 2 colours on edges i, j for all j ≠ i and the aij are
3-cycles on colours on edge {i, j}. The relations in the presentation
are:
a3ij = 1, [aij, akl] = 1 (i, j ≠ k, l), b2i = 1, [bi, bj] = 1 (i ≠ j),
b−1i ajkbi = { a−1jk if j = i or k = iajk if i ∉ {j, k}.
Certainly S3,n satisfies this presentation. But we must show that
this gives a defining set of relations for S3,n. If G is a group defined
by this presentation then ∣G∣ ≤ ∣S3,n∣ and we also have the surjection
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G↠ S3,n. Therefore we have equality and a verification that this is a
presentation for S3,n.
We can extrapolate further from m = 3 to any finite number m of
colours, and use the presentation
Alt(m) = ⟨a1, . . . , am−2∣a3k = 1, (akal)2 = 1 (k ≠ l)⟩.
This gives the generators for Sm,n as: bi where bi is a 2-cycle (m −
1,m) on colours on all edges {i, j} for all 1 ≤ i < j ≤ n, and akij for
1 ≤ k ≤m−2 which are 3-cycles (k,m−1,m) of colours on all edges {i, j}.
Then (akijalij)2 = ((k,m − 1,m)(l,m − 1,m))2 = ((k m)(l m − 1))2 = 1.
The relations are:(akij)3 = 1, (akij alij)2 = 1 (l ≠ k), [akij , ali′j′] = 1 (if {i′, j′} ≠{i, j}), b2i = 1, [bi, bi′] = 1 (if i ≠ i′),
b−1h a
k
ijbh = { (akij)−1 if h = i or h = jakij if h ∉ {i, j}.
Each edge {i, j} represents one alternating group in the direct prod-
uct expansion of Sm,n. To prove that this presentation defines precisely
Sm,n, first recall the presentation
Sym(m) = ⟨a1ij , . . . , am−2ij , bi ∶ (akij)3 = 1 = (akijalij)2 (i ≠ j),
b2i = 1, biakijbi = (akij)−1⟩ for fixed i, j and for all k.
Making the substitutions akij ↦ (k m−1 m), bi ↦ (m−1 m) we see
that the akij generate Alt(m). Then proceeding as for S3,n proves the
presentation.
How might this impact applications? The obvious question now is
that although a large variety of groups can be supported by the graph
edges and vertices, the generators aij and bi of the switching groups and
the groups themselves arise naturally as reducts (or closed over-group
of the automorphism group) and given the 1–1 correspondence between
graph vertices and edges and lattice sites and links, do these generators
or switching groups have a natural application in lattice gauge theory
or gauge glass theory?
Formal appearance of gauge symmetry by definition
Regardless of whether or not gauge symmetry is a true symmetry,
it has been a central notion in the formulation of the field theories
that have had great success in predicting and explaining a good deal
of fundamental physics. So we give a summary of the purely formal
derivation of gauge symmetry appears in [24, p. 110].
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Define a Euclidean action for U(1) lattice electrodynamics
S = β∑
◻
Re(U◻) + α∑
−
Re(U(−)), (4)
on a regular hypercubic Euclidean space-time lattice with lattice spac-
ing a. Define on each link, denoted −, the variables U(−) ∈ U(1) = {z ∶
z ∈ C, ∣z∣ = 1}.
The flux variables U◻, for the plaquette denoted ◻, is given by the
product of four link variables on neighbouring links. If α = 0 then
with β = 1
g2c
where gc is the gauge coupling constant, the first term of
equation (1) gives a pure U(1) gauge theory which is invariant under
the lattice gauge transformation Λ, through
U( ●x ●y)→ Λ(x) U( ●x ●y)Λ−1(y) (5)
Here y = x + aδµ and µ refers to the direction of the link
●x ●y
connecting the sites with coordinates xρ and xρ + aδρµ.
Gauge invariance is formally introduced by hand (subscript ‘h’) by
expressing the action in terms of field variables
Uh( ●x ●y) ∈ U(1) , H( ● ) ∈ U(1)
defined respectively on the links and sites, and where
U( ●x ●y) ∶=H−1(x) Uh( ●x ●y)H(y). (6)
The link variables are functions of oriented variables:
Uh( ●x oo ●y) = U−1h ( ●x // ●y) = U∗h ( ●x // ●y). (7)
The new site variable H( ● ) could represent a Higgs field.
The original field U( ●x ●y ) and action S[U( ●x ●y )]
which is a function only of this field are both invariant under the arti-
ficial gauge transformation Λ(x) ∈ U(1):
Uh( ●x ●y)→ Λ−1(x) Uh( ●x ●y)Λ(y), H(x)→ Λ−1(x)H(x).
(8)
Using the invariance of Uh◻ = U◻ of equation (3) under a U(1) gauge
transformation, the action in equation (5) for U(1) lattice electrody-
namics exhibits formal gauge invariance in terms of the new variables
as:
S[Uh,H] = β∑
◻
Re[Uh◻] +α∑
−
Re[H−1(x)Uh( ●x ●y)H(y) ]. (9)
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The mean field approximation (MFA) of lattice gauge theory, char-
acterises the physical behaviour of the fields locally at the lattice scale
ignoring correlations over distances much larger than the lattice spacing
and long wavelength effects. The fields correspond to a phase transition
between confined and Coulomb-like phases.
The formal gauge symmetry of equation (5) is sufficiently close
to the physics to produce a Coulomb phase with a massless photon.
To demonstrate this in the mean field approximation, link and site
variables are assumed to have expectation values which are determined
by self-consistency conditions, that is one link or site variable is allowed
to fluctuate quntum mechanically whilst all fields on neighbouring links
and sites are replaced by their mean values. Working one link or site at
a time spontaneously breaks the local gauge symmetry without needing
to work in a fixed gauge.
Translational and rotational invariance of the vacuum are used to
make the gauge-Higgs mean field ansatz:
⟨Uh( ●x ●y)⟩ = VUh and ⟨H(x)⟩ = VH , (10)
where VUh and VH assume the same real value for each link and site
respectively. From equation (7), the real expectation value VUh is in-
dependent of the link orientation, and because H−1(x) = H∗(x) (as for
an antiunitary operator) it follows that ⟨H−1(x)⟩ = VH .
To calculate an effective single-link action replace all variables ex-
cept for Uh( ●x ●y) by their mean value in the action of equation
(9). Then look for the unique self-consistent solutions of VUh and VH for
every coupling constant pairing (α,β), this being the physical solution
with the lowest free energy, that is the largest value of logZ where Z
is the partition function
Z = ∫ DUhDH exp[S(Uh,H)].
The 3 phases in the mean field approximation are:-
1) Strong coupling or confined phase, including the region of small
α and β values and corresponds to the trivial mean field solution with
VH = 0 = VUh.
2) Higgs phase, including the region of large α and β values and
corresponding to a solution with VH , VUh ≠ 0.
3) Coulomb phase, including the region of large β values and bounded
α and corresponding to a solution with VH = 0 but VUh ≠ 0.
In the Coulomb phase there are long-range correlations correspond-
ing to a massless photon due to the formal gauge invariance, that is
the gauge properties of the vacuum.
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From equation (8) the vacuum expectation values (VEV) VUh and
VH under global gauge transformations with a constant gauge function
α behave as:
ΛG(x) = eiα: VUh → VUh and VH → e−iαVH
and under local gauge transformations with a linear gauge function
ΛL(x) = eiαµxµ : VUh → eiαµxµVUh and VH → e−iαµxµVH ,
where aµ is the appropriate lattice link vector.
It is then argued [24, p. 117] that a phase containing a massless
photon must have that (i) the gauge symmetry for linear gauge func-
tions be spontaneously broken, that is the vacuum is not invariant
under ΛL(x), but that (ii) the global part of the gauge symmetry must
not be spontaneously broken, that is the vacuum is invariant under a
constant ΛG(x). Because the Coulomb phase satisfies both VUh ≠ 0 and
VH = 0, it must contain a massless gauge particle (the photon).
So the dynamics of the gauge non-invariant action of equation (4)
for U(1) lattice electrodynamics can generate a massless gauge sym-
metric theory with no parameter fine-tuning.
This generalizes to a non-abelian lattice gauge theory with a gauge-
symmetry violating lattice action of equation (4) which is effected by
taking the U(−) link variables to be non-abelian group valued. In the
non-abelian theory there is no region in (α,β) parameter space corre-
sponding to a Coulomb phase, but this appearance of gauge symmetry
“ex nihilo” also follows for a non-abelian group [24, p. 118].
Thus the field theory glass model can thus be used to demonstrate
the very general nature of the inverse Higgs mechanism and the spon-
taneous appearance of gauge symmetry. A thought experiment to pro-
duce a Monte Carlo simulation of such a model begins with a randomly
selected set of sites {i} in four-dimensional space-time. A manifold Mi
is constructed at each point i on the random lattice and varies from
site to site. The basic dynamical variable is a generalized quantum
field φ(i) ∶ i → Mi. The parameters of an action S are randomly cho-
sen numbers. Monte Carlo methods are used to study long wavelength
properties. The claim is that the physical degrees of freedom, with the
most long range correlations, are similar to the gauge degrees of free-
dom in the above translational invariant lattice models. (Translational
invariance is also key to the proof of the Nambu-Goldstone theorem).
So the introduction of variables such as Uh and H should be possible,
leading to a precise formal gauge invariance, which in turn is realised
as massless gauge particles or as low energy confinement.
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The non-Poincare´ invariant field theory glass action is a sum
S[φ] =∑
r
Sr(φ(i)), i ∈ r
over quenched random terms from small overlapping space-time regions
r of the order of the Planck size. Each small region of space-time has
an approximate local gauge symmetry of the action, together with a
gauge group. Assume that within the totality of space-time there is an
overlapping area with a large density of such regions.
The approximate local symmetry groups G(s) for a site s now con-
verts into exact gauge symmetries through the introduction of ‘by hand’
variables (φh,H), where the Higgs field is defined on s. Define φh to
have the same structure as the fundamental field φ, by
φ(i) = φHh (i),
where φΩ is the mapping of φ by an element Ω from the direct product
of all the local symmetry groups G(s). The field φh(i) at site i is
transformed only under the G(s) for which the gauge area contains i.
The action S[φ] expressed in terms of new variables, S[φh,H] =
S[φ = φH
h
] is automatically stable under the formal gauge transforma-
tion
φh → φΩh , H → Ω
−1H
because φ is also invariant under this artificial map
φ = φHh → (φΩh )Ω−1H = φHh = φ.
The field theory glass expressed in terms of (φh,H) manifests a
formal gauge symmetry in which the symmetry group changes randomly
from place to place.
Any given gauge group K is an approximate gauge symmetry of
S[φ]. To discuss the situation where the associated Higgs field H
in the new action S[φh,H] has local fluctuations and no long-range
correlations, and so a vanishing ‘mean value’ in the vacuum, focus
on gauge areas within which the symmetry breaking terms of S[φ] are
small corresponding to a small α in the previous lattice model. In order
to achieve vacuum invariance under global transformations assume that
⟨H⟩ = 0.
To describe deviations from the globally gauge invariant vacuum
state, modify the vacuum state by a continuum Yang-Mills gauge field
Aaµ(x) for K with generators λa/2. Consider all gauge areas containing
i with small-enough K-symmetry violating terms in S[φ] to ensure
that the correlation function between the Higgs field at two points,
H(x) and H(y) decays exponentially with the separation. Assume
Aaµ(x) is constant over all the gauge areas containing i and having
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coordinates xµi . In order to modify φh at each site so as to establish
a new configuration corresponding to Aaµ(x), apply to φh(i) one gauge
transformation
Λs(xi) = exp[iAaµ(xi)λµ2 (xµs − xµi )]
per gauge area containing xi. The x
µ
s are coordinates of the gauge area
centre s. The gauge transformation Λs(xi) has the same dependence
on gauge area center xµs for every field variable φh(i).
The above construction of a continuum gauge field fails for a group
with outer automorphisms but can be salvaged if the field theory glass
representations are not symmetric under the automorphism. Whilst
the SM group S(U(2)×U( 3)) is symmetric under complex conjugation
(see next chapter), the chiral quark and lepton representations are not.
For each continuum field configuration Aaµ(x) assign a new config-
uration of the field theory glass. The natural correspondence between
gauge transformations on the Aaµ(x) and the field theory glass variables
φh(i) means that the effective action for Aaµ(x) is invariant under K
gauge group transformations. Thus if K has no outer automorphisms
a Yang-Mills field theory can be established for it, and if it does have
outer automorphisms then arbitrary choices would need to be made all
over space-time.
In conclusion the formal gauge invariance arises from the definition
of what Froggatt and Nielsen call the ‘human variables’ (φh,H).
Importantly for potential applications of our connections between
random graphs and lattices, the lattice used in the above derivations do
not have to be regular but can just as well be a discretized model, which
in Random Dynamics can be taken to be fixed sites distributed ran-
domly in four-dimensional space-time. Equally this mechanism should
work for very general field theories including a “field theory glass ”
where coupling constants, the type and number of degrees of freedom
and other parameters are chosen in a random quenched way, that is,
fixed and not varied in the quantum mechanical functional integral -
by analogy with the atomic binding in a real glass.
From a philosophical point of view, if everything were totally ran-
dom, then it would be hard to discern much physics; it is because there
are some constants or patterns despite the randomness that we can
pinpoint physical laws. Some of these could be the quenched random
terms that have been identified in the Random Dynamics program.
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The Multiple Point Principle (MPP)
We saw how the continuum gauge field Aaµ(x) can be implemented
on the gauge glass by a suitable modification of the gauge glass degrees
of freedom φh(i). If the gauge field Aaµ(x) for the gauge group K can
only be implemented very sparsely in space-time rather than through-
out space-time, then the effective continuum gauge field Lagrangian
density acquires a term of the form
Leff = − 1
4g2
F aµν(x)F µνa(x)
with a very small coefficient − 1
4g2
because Aaµ(x) would represent rela-
tively few gauge glass degrees of freedom. This implies a strong gauge
coupling constant g2, so the gauge degrees of freedom are confined
close to the Planck scale and become irrelevant to the low energy levels
accessible in the laboratory. For a gauge group K to survive to low
energies it must be a good approximate symmetry of the fundamental
field theory glass action S[φ].
One of the assumptions of the Random Dynamics project is that
there is an anti-unified gauge group S(U(2) × U(3))Ngen (see below)
on which the plaquette action of the lattice gauge theory is defined as
a direct product of Ngen = 3 Standard Model group factors of the form
SU(3)Ngen ×SU(2)Ngen ×U( 1)Ngen , that at the Planck scale (1.22×1019
GeV) breaks down to the diagonal subgroup S(U(2) × U(3))diag ∶={(g, g, g) ∶ g ∈ S(U(2) × U(3))} ≅ S(U(2) × U(3)) due to a so-called
confusion mechanism [3] [6] arising from group outer automorphisms -
which of the identical but different groups being acted on by the outer
automorphism to choose. The diagonal subgroup consists of ordered
sets of SM group elements (g, g, . . . , g) for which all the components are
equal to each other. In fact the speculation is that there is a successive
breaking of groups with many direct products down to a collection of
groups with particularly few automorphisms such as S(U(2) ×U(3))
itself, with S(U(2)×U( 3))3 being the penultimate group in this series.
Given the diagonal subgroup, the naive lattice continuum formula
on an assumed fundamental lattice with lattice constant a is
U( ●xµ ●yµ) ≃ exp(igaAaµ12λa), yµ = xµ + aδµ,
implies
(gAaµ)1 = (gAaµ)2 = . . . = (gAaµ)Ngen .
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For such a diagonal subgroup, the original fundamental Lagrangian
density
L = −Ngen∑
i=1
1
4g2i
(gF aµν)2i
becomes
L = − 1
4g2diag
(gF aµν)2diag,
with
1
4g2diag
=
Ngen
∑
i=1
1
4g2i
.
If the couplings for the ‘fundamental’ fields (gAaµ)i are all assumed
at the fundamental scale to be equal to a certain critical coupling at
that scale then the observed coupling will obey
1
g2diag
= 1
g2crit
Ngen.
If many vacua are degenerate then the corresponding phases meet at
a certain point in the phase diagram of the theory. The phase diagram
of any gauge theory is represented by a space which has axes given by
bare coupling constants, and perhaps also by bare masses.
The criticality of the gauge coupling constants at the Planck scale
means that at this scale the couplings lie at the boundary between
the Coulomb (photon) and the strong coupling (confining) phases. A
calculation of critical couplings at a phase boundary, applying to both
phases, can be done using the mean field approximation (MFA).
The MPP mechanism within the Random Dynamics program pos-
tulates the existence of a point in the phase diagram for a Yang-
Mills lattice gauge theory of the Standard Model with gauge group
S(U(2) × U(3))3 where a maximum number of vacuum phases (all
with the same energy density) come together so that the vacuum is
maximally degenerate. The Principle of Multiple Point Criticality then
requires that the running gauge coupling constants correspond to the
multiple point critical values in the phase diagram of a lattice theory
and so the MPP explains the fine tuning of the free parameter values of
the Standard Model. The multiple point is where all or at least a max-
imum number of the phases of the lattice gauge theory meet. ‘Phase’
here means different behaviour, analogous to the 3 phases of water;
in the relevant phase diagram water and vapour are indistinguishable
at the critical point and ice, water and vapour exist simultaneoulsy at
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the triple point. The Multiple Point Principle was born in the lattice
investigations of gauge theories, and particularly Monte Carlo simula-
tions of U(1), SU(2) and SU(3) gauge theories on the lattice which
alluded to the existence of the triple critical point.
There is a phase for each normal (invariant) subgroup of S(U(2) ×
U(3))3. The system is very stable because there is an entire range
of parameter values for say the mean energy and volume per molecule.
The observed coupling values are the critical multiple point values that
the couplings take when the vacuum is maximally degenerate.
The multiple point values of the plaquette action parameters for the
diagonal subgroup of S(U(2)×U( 3))3 are in the continuum limit equal
to the experimental gauge coupling values that have been extrapolated
to the Planck scale, thereby justifying use of the gauge group S(U(2)×
U(3))3.
Grand Unified Theory models based on simple gauge groups SU(5)
and SO(10) place left-handed fermions and their antiparticles in the
same representation and seem to lead to families with a pair of al-
most mass degenerate particles. But inter-generation masses are not
approximately degenerate [24, p. 171].
Random Dynamics bypasses considerations of such gauge groups,
and further assumes that the chiral horizontal symmetry group com-
mutes with the SM gauge group. Random Dynamics, through the con-
fusion mechanism breakdown, does seem to favour the SM gauge group
S(U(2) ×U(3)), and furthermore relates the number 3 of generations
to the phenomenological values of the gauge coupling constants for the
3 invariant subgroups of the SM group [7], but this result essentially
requires there to be no new phenomena between accessible energies and
that of the Planck scale.
One of the most important conclusions of Das and Laperashvili’s
review [14] of the Multiple Point Principle (MPP) is the validity of an
approximate universality of the critical couplings. They showed that
values of the phase transition couplings can be crudely approximated
without using any specific lattice, so that the details of both the lattice
and the regularization are unimportant. Critical couplings depend only
on groups with some regularization. This approximate universality is
essential in comparisons of the lattice phase transition couplings with
the experimentally observed couplings.
Within the Grand Unified Theories program it is assumed that dif-
ferent irreducible representations (IR) of the S(U(2)×U(3)) will com-
bine into a single IR of a larger group, however this approach does not
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seem to produce a satisfactory explanation of the three family genera-
tion structure within the SM. Family (or horizontal) symmetries are to
be differentiated from GUT symmetries which unify different members
within a family. It was argued in [22] that the fermion mass hierarchy
suggests extensions of the SM which have the same IR as arise in the
SM and which embed S(U(2) × U(3)) as a diagonal subgroup. The
fact that no pair of correponding particles in different generations is de-
generate makes it less likely that horizontal flavour groups can account
for the generation gaps: if such pairs were positioned into multiplets
of groups such as SU(2)H in an S(U(2) × U(3)) × SU(2)H model it
would suggest that these particles are degenerate. Also in order for an
over-group G of S(U(2)×U(3)) to account for the gaps, corresponding
particles from different generations should belong to inequivalent IRs
of G, and furthermore single IRs of the S(U(2) ×U(3)) should form
IRs of G. A more interesting possibility is the diagonal embedding
suggested above.
Whilst the SM does not contain any quantum number which dis-
tinguishes the lepton and quark generations it is suspected that such a
number must exist, and the 3-coloured random graph provides one ap-
proach to finding it. Having Ngen many S(U(2)×U(3)) factors allows
for different gauge quantum numbers for each of the Ngen families [6],
an idea that mirrors the possibility that we have suggested that these
are colours of the triality graph [51]. We return to this point in the
next chapter.
Tight Packing
For all of the successes of the Standard Model it predicts neither
the number of generations nor the pattern of generation replication. It
also leaves unresolved the large number of free parameters. A Random
Dynamics-inspired model relating the smallness of the gauge coupling
constants to the number of generations predicts 3 generations [7].
In [51] it was suggested that a tight packing interpretation of the
leptons of the Standard Model in some space could be part of the
solution to the family structure within the SM. A. Kleppe has used a
tightest packed three-dimensional lattice which basically represents the
abelian sector of the Standard Model group, i.e. U(1)3 in an Ngen = 3-
dimensional space corresponding to three generations, within the anti-
grand unification scheme. The tight packing arises because each lattice
site has a maximal number of neighbouring sites.
Dense packing means that each lattice site has the maximum num-
ber of nearest neighbours at the same critical distance.
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Each lattice direction where the nearest neighbour distance is smaller
than that corresponding to the critical coupling value, has a confining
subgroup. The critical coupling is usually a function of the remaining
U(1) degrees of freedom. But the critical distance in one direction is
approximately independent of the nearest neighbour distance in other
directions, so approximate MPP criticality is achieved when the nearest
neighbour distance is critical in all directions. This means a maximal
number of 1-dimensional subgroups, or having the tightest possible
packing of lattice points. This is the origin of tight packing in Kleppe’s
argument. The lattice packing density is the ratio of the volume of a
sphere to the volume of the fundamental region.
In lattice packing a regular sphere is a repetition of one lattice
crystal but in sphere-packing the position of every sphere is a variable.
The origin and nature of the tight packing differs in the random
graph context and the lattice gauge theory context, but it is interesting
that the same general idea has been called upon.

CHAPTER 4
Outer Automorphisms
The groups U(1), SU(n) (n > 2) and the SM group S(U(2)×U(3))
have an outer automorphism that corresponds to charge conjugation
symmetry. For SU(n) groups (n > 2) it is complex conjugation of the
matrix elements. In the SM this symmetry is broken because only
left-handed fermions and right-handed anti-fermions couple to the W ±
intermediate vector boson. Note that SU(2),SO( 3), odd-n spin and
symplectic groups have no outer automorphisms.
Chirality breaks the charge conjugation symmetry of the gauge
fields and ensures that gauge groups such as U(1) and SU(3) survive
the breakdown from larger to smaller groups. The confusion breakdown
through a charge conjugation automorphism is not possible because
left- and right-handed fermions appear in different representations.
However there may be non-representation theoretic reasons for a
phenomenon. The order-2 outer automorphism of Aut(R) might be
taken to correspond to charge conjugation [51].
The RandomDynamics program goes further assuming that a gauge
field can be permuted with an automorphic image of itself, and that
this can happen locally and not globally. The diagonal subgroup of the
direct product of isomorphic groups is the maximal invariant subgroup
of the permutation automorphisms; it is symmetric under gauge trans-
formations generated by constant gauge functions that correspond to
the global part of a local gauge transformation.
The diagonal subgroup of S(U(2) ×U(3))Ngen is stabilized by the
automorphic permutation of the Ngen factors in S(U(2) ×U(3))Ngen .
But then the matter field content of each factor must have the same
structure. This and the known fact that what is normally taken to be
a fermion generation gives the simplest arrangement of particles that
avoids gauge anomalies suggests that the Ngen factors of S(U(2) ×
U(3))Ngen are just repetitions of the S(U(2) × U(3)), one for each
generation.
The assumption is that the final breakdown of gauge symmetry
by confusion is caused by the automorphism that permutes the Ngen
isomorphic product factors S(U(2) ×U(3)) in S(U(2) ×U(3))Ngen .
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Random Dynamics suggests the existence of an intermediate gauge
group S(U(2) ×U(3))1 × S(U(2) ×U(3))2 × S(U(2) ×U(3))3 at the
confusion scale; with one direct product factor S(U(2) × U(3))i for
each quark-lepton generation. With such a direct product unified
gauge group, it is possible that the separate gauge quantum numbers
of S(U(2)×U(3))1, S(U(2)×U(3))2 and S(U(2)×U(3))3 could play
the role of horizontal quantum numbers and be responsible for the dif-
ferent mass scales of the three generations. But what is the origin of
these quantum numbers? Even within Random Dynamics there is the
problem of understanding the origin of the S(U(2)×U(3)) and of the
number of quark and lepton generations. We outlined a different type
of solution based on the 3-coloured random graph in [51].
Random Dynamics relates the number Ngen = 3 of generations to
the phenomenological values of the gauge coupling constants for the
three invariant subgroups of S(U(2) × U(3)), a result that seems to
require there to be no new physics between presently accessible energies
and the Planck scale, which is surely unlikely.
There is an additivity of the inverse squared couplings of the group
factors in the direct product S(U(2)×U(3))3 in going to the diagonal
subgroup of the form
1
g2i,diag
=
Ngen
∑
j=1
1
g2i,j
= 3
g2MP
(i ∈ {SU(2),SU( 3)}),
that is at the multiple point each term in this series become equal to
the same value. For the abelian U(1) the deviation of the coupling
in going from the multiple point of S(U(2) × U(3))3 to the diagonal
subgroup is 6 instead of 3.
When considering the action corresponding to S(U(2) × U(3))3
the abelian part is treated separately from the non-abelian part. For
the non-abelian subgroups the action is additive S = ∑j Sj meaning
the confining phases correspond to factorizable normal (invariant) sub-
groups so the phase diagram for S(U(2) ×U(3))3 is determined from
those of the individual factors.
The 3-dimensionality of the abelian group U(1)3 gives the underly-
ing lattice and the number of generations. This lattice brings together
a maximal number of phases and is found using the Principle of Mul-
tiple Point Criticality. The lattice sites can correspond to quantized
quantities such as charges. To introduce dynamics into this picture
absorb the U(1) coupling into the metric gµν on the space of charges.
Taking U(1) to be eiθ ∼ eigAµ, the metric is used in forming the inner
product of two θ-variables. The U(1) viewpoint is that the lattice sites
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0,2π,4π, . . . 2nπ (mod 2) are identified with the origin. But by includ-
ing the coupling into the definition of distance, the distance between
two charges will be a function of the values of the charges.
For confinement along U(1)j the critical distance is longer than the
lattice link distance. For every pair (Gi,Ni) of subgroups of S(U(2) ×
U(3)), where Ni is a normal subgroup of Gi, there is a phase, and
all the phases contribute to the action. For example, (U1,Z2) begets
S◻ = βcos(θ) as a lattice action [37].
In every small space-time region there is an ambiguity in choosing
how to represent the continuum gauge field. The difficulty in imple-
menting a continuum Yang-Mills field Aaµ(x) on a gauge glass with
gauge group K having outer automorphisms, is in deciding which de-
grees of freedom of the gauge glass to identify with which degrees of
freedom of Aaµ(x) [24, pp. 152-173].
By contrast the the ambiguity in identifying the continuum field due
to inner automorphisms is just the usual gauge ambiguity in defining
the gauge field. It adds a background field but does not give rise to
any ambiguity in the physics. For an inner automorphism,
f(g) = bgb−1, b, g ∈K,
the transformed field Afaµ (x) is related to Aaµ(x) by a gauge transfor-
mation, with a constant gauge function:
λa
2
Afaµ (x) = U(x)λa2 Aaµ(x)U−1(x) − i∂µU(x)U−1(x)
where U(x) = b and λa
2
are group generators.
Inconsistencies corresponding to the inner automorphism f(g) =
bgb−1 can be gauge transformed away but not those corresponding to
outer automorphisms.
Because a continuum Yang-Mills theory for a gauge group with
outer automorphisms is unlikely to be implemented on a gauge glass,
Random Dynamics predicts that the continuum gauge group must have
no outer automorphisms that can be extended to true discrete symme-
tries.
Generalised outer automorphisms of a non-semisimple group are
isomorphisms between two of its factor groups obtained by dividing
out low order normal subgroups. They act as ordinary outer auto-
morphisms of the Lie algebra and thus of the continuum gauge fields
Aaµ(x).
According to the Random Dynamics program a generalised outer
automorphism causes an inconsistency in the identification convention
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for the gauge glass degrees of freedom, because of an ambiguity involv-
ing the identification of a factor group of the gauge group K of the
continuum gauge field. Such an identification means that the group
elements in the coset of the factor group must correspond to the same
continuum field Aaµ(x). There should then be an approximate symme-
try under permutations of the the group elements inside a coset.
What Froggatt and Nielsen have termed the ‘confusion mechanism’
is supposed to collapse the gauge group K with its non-trivial outer
automorphisms near the Planck scale.
Using a generalized lattice gauge theory helps to identify collapse
mechanisms that break K somewhere between the Planck scale and the
low energy scales accessible to us today. The following modifications
to the lattice gauge theory, listed in [24] are chosen to simulate the
action for a gauge glass but the Feynman path integral is stabilised:
1) Taking the lattice sites to assume random positions separated
by distances of the order of the Planck length gives an amorphous
‘glass-like’ structure instead of a regular hypercubic lattice.
2) The gauge group can vary from site to site.
3) The plaquette variables U◻ are formed from link variables for the
gauge group K, denoted U( ● ●) , as is the plaquette action S◻.
The plaquette variables and action contributions are invariant under
the ‘confused gauge transformation’ [24, p. 156]:
U( ●x ●y)→ fx,y(Λ(x))−1 U( ●x ●y)fy,x(Λ(y)) ( †)
rather than simply under the usual gauge transformation
U( ●x ●y)→ Λ(x)−1 U( ●x ●y)Λ(y)
where the fx,y are quenched randomly chosen outer automorphisms of
the gauge group K.
4) Assume that S◻ is a random function of U◻. Gauge invariance
requires S◻ to take the same value for all conjugate group elements U◻
(those related by an inner automorphism).
So S◻ can be expressed as a sum of the characters for the various
representations r of K,
S◻ =∑
r
βrχr(U◻),
where the coefficients βr are quenched random variables obeying βr = β∗r
and r denotes the complex conjugate representation to r. The char-
acter for representation r is χr(U◻) = Tr{ρr(U◻)} where ρr(U◻) is the
representation matrix for U◻ in representation r. The βr coefficients are
chosen from a Gaussian distribution, independently for each plaquette
and for each pair of conjugate representations. For S◻ to be convergent
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and reasonably smooth, choose the distribution to have zero mean and
a width which decreases with the dimension of the representation.
5) The link variables are group-valued and the group structure
varies randomly from link to link, as in Fig. 7.3 of [24, p. 158]. The pla-
quette variables U◻ are then constructed from common factor groups
of the groups on the surrounding links. Ambiguities arising from outer
automorphisms are inherent in identifying factor groups of different
but isomorphic link groups leading us to consider the confused gauge
transformations of point (3).
How does the amorphous nature (that is randomness) of these mod-
ifications of the usual lattice gauge theory break, at the Planck scale,
the gauge groups present a priori in this gauge glass?
When the vacuum state is non-invariant under the global gauge
symmetry, spontaneous symmetry breakdown occurs, as happens for
example when gauge bosons acquire a mass according to the Englert-
Brout-Higgs-Guralnik-Hagen-Kibble mechanism. The vacuum state of
the theory in the classical approximation can be studied by considering
individually the energetically preferred value of each plaquette variable
U◻.
The link and plaquette variables in the vacuum state must belong
to the center of the gauge group K otherwise the vacuum will not be
invariant under global gauge transformations and gauge symmetry will
collapse. The following are required to prevent such a collapse:
(A) Absence of outer automorphisms. For a gauge group K with
non-trivial outer automorphisms the gauge glass action is invariant
under the above confused transformation (†).
Assuming that the vacuum values of the corresponding confused
link variables U( ●x ●y) lie in the center of the group, the vacuum
values will only be invariant under global gauge transformations Λ(x) =
Λ if they obey
fx,y(Λ) = Λ
for all outer automorphisms fx,y randomly chosen throughout the lat-
tice. So the vacuum state is only symmetric under the subgroup which
is left invariant by all the outer automorphisms of K, and so K spon-
taneously breaks down to a subgroup with no or few outer automor-
phisms.
Inner automorphisms may be transformed into background gauge
fields which may in turn cause the gauge particles to gain masses
through the Englert-Brout-Higgs-Guralnik-Hagen-Kibble mechanism.
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The confusion mechanism boils down to inconsistencies in identifica-
tion for the gauge glass degrees of freedom, and it is possible to cir-
cumvent the mechanism and allow a gauge group with a few outer
automorphisms to survive, by including matter degrees of freedom.
(B) A non-trivial center. For a vacuum state to be invariant under
the global gauge transformations of a group K with a trivial center,
all the plaquette variables U◻ must equal the identity element in K.
The coefficients of the gauge plaquette action S◻ = ∑r βrTr{ρr(U◻)}
may have either sign, corresponding either to an energy maximum or
minimum. So in about half the cases of the plaquette energy being
minimized, the group element will not be central meaning that the
vacuum is not invariant under the global K-action, which is thus bro-
ken. Therefore in a gauge glass, groups with a trivial center are likely
to collapse and groups with a non-trivial center survive.
(C) A connected center. Applying a similar argument to (B) to a
set of neighbouring plaquettes instead of just one, suggests that gauge
groups with a topologically disconnected center tend to collapse. The
plaquettes forming the surface of a generalised 3-cube of the amorphous
lattice obey the Bianchi identity,
∏
◻∈ 
U◻ = I. (11)
which arises from the fact that each link is contained in two plaquettes
of the cell and the plaquette variables U◻ are thus not independent. If
the U◻ lie in the center of the groupK then the product of the plaquette
variables forming the cell surface must equal the unit element.
The identity (11) is not automatically satisfied when each plaquette
variable is chosen to minimise its energy. The energetically preferred
individual plaquette variables U◻pref must belong to the center to stop
collapse of K, but due to the plaquette action being random we expect
the product
F = ∏
◻∈ 
U◻pref
to be a random central element. If F ≠ I then the true vacuum values
U◻vac of the plaquette variables cannot equal U◻pref.
If the group center were not topologically connected then for some
cells F would belong to a different connected component to that of the
unit element. It follows that some of the deviations U◻pref U−1◻vac would
be non-central, so as the U◻pref are assumed to be central, some of the
U◻vac are non-central and the gauge group K collapses. To prevent
such a gauge symmetry breaking, K must have a connected center.
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(D) Conjugacy class space with only central singularities. This is
described in [24, p. 160].
These four conditions favour the Standard Model group S(U(2) ×
U(3)) as surviving collapse in the gauge glass and surviving as a low
energy symmetry group. It is the one group whose Lie algebra has a
non-trivial connected center. It’s one outer automorphism is complex
conjugation.
Regarding points (A) and (B) above, note that if α,β, γ ∈ SO(8)
then Spin(8)→ SO(8) ∶ {(α,β, γ), (−α,−β, γ) ↦ γ} is a 2–1 surjection.
In fact one way of knowing that the Cartan triality automorphisms
(discussed at length in [50] and [51]) are outer is because they act
nontrivially on the centre {(1,1,1), (1,−1,−1), (−1,1,−1), (−1,−1,1)}
of Spin(8).
The consistent string theories have either of the two gauge groups
SO(32) or E8 ×E8, both of which have trivial centers. Group transfor-
mations act in pairs on the two ends of a string but elements of the
center act as the identity. Can the strings be considered as graph edges
and if so would it then be meaningful to consider in a string context
the physical meaning behind the action of groups supported by the
random graphs?
The outer automorphic transposition of the two E8s in E8 ×E8 may
provide an alternative to the specific model applying the confusion
mechanism proposed as a global modification of the heterotic string
model, wherein the two heterotic string E8s are permuted across a con-
fusion hypersurface of codimension one representing a global topology
change in space-time [3], as a result of which the gauge group typically
reduces to a single E8.
Group Representation Theory
The standard model is based on the 12-dimensional algebra of
SU(3) × SU(2) × U(1) and describes the forces between the gauge
particles through a field theory.
The three generations of basic fermions are three instances of a spe-
cific collection of representations for this Lie algebra and thereby of the
universal covering group SU(3)×SU( 2)×R, from which it is obtained
by factoring out a discrete normal subgroup which is determined from
a certain charge quantization rule [42].
The pattern of the fundamental fermion charges suggests the impor-
tance of a particular group having this algebra, namely S(U(2)×U( 3)).
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Ever since the ground-breaking work of Wigner group representa-
tion techniques have provided one of the most effective set of tools used
in the classification of particle properties. We mention just one such
recent example, out of a vast literature going back over three-quarters
of a century.
In looking to select a criterion as to why the SM gauge group turns
out as it is, the one chosen in [41] is the maximisation of a modified ra-
tio of the orders of the quadratic Casimir for the adjoint representation
over the quadratic Casimir of a representation chosen so as to make
the quadratic Casimir the smallest possible non-trivial faithful repre-
sentation. The Lie gauge group would then have the smallest possible
faithful representation in this sense of smallest, of the possible groups
that gives the chiral Weyl fermions (leptons and quarks) and the Higgs
boson. In [41] and in previous work with Bennett, Nielsen begins with
a group that is the semi-direct product of simple Lie groups by the ad-
ditive group of real numbers; the number of abelian dimensions gives
the dimension of the Lie algebra. Then he factors out of the center a
normal discrete subgroup to get a group G.
The best known quadratic Casimir is the angular momentum oper-
ator
Ð→
J 2 = Ð→J 2x +Ð→J 2y +Ð→J 2z for SO(3). The target quantity is
(∏
i
(CA
CF
)dii ⋆∏
j
(e2A
e2F
)j)
1
dG
where the i product runs over the normal simple groups with dimen-
sions di, the j product is over abelian factors, dG is the dimension of
G, eF and eA are the “charges” for the F and adjoint representations.
The word charges is in quotation marks because being abelian the R+
subgroups have no adjoint representations as the Lie algebra basis of a
Lie group is only transformed trivially, so the second set of products in
the above equation must be differently defined. The ratio CA
CF
is related
to the Dynkin index [16] of a representation of a compact simple Lie
algebra.
The target quantity has a value of at least 1, and is precisely 1
for both E8 and E8 ×E8 gauge groups [41]. Of the groups tested, the
target quantity attains its maximum for the SM group. The conclusion
is that a principle of small representations should be enough to imply
a significant part of the details of the SM.
Despite the success of representation theory thus far the question
can still be raised as to whether or not post-SM physics may not need
new ideas and new approaches.
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Our work has concentrated on the automorphism group Aut(Rt)
of the triality graph, which being uncountably infinite in order, is less
amenable to representation-theoretic techniques.
However another criterion which is closer in spirit to our focus on
the automorphism group of relational structures [51] than representa-
tion theory provides, and that distinguishes the group S(U(2)×U( 3))
from all other connected compact non semisimple groups with Lie al-
gebra dimensionality up to 12 is that it has few generalised outer auto-
morphisms, in fact the least of any of the 192 connected non-semisimple
groups with algebras of dimensionality 12 or less. Brene and Nielsen
proposed studying the orders (ni, nj) of pairs of normal subgroups in
the definition of generalized outer automorphisms in order to select
the Standard Model group [42], considering factoring out only discrete
normal subgroups of the center of a starting group. Groups with simple
algebras have finite discrete center and so a finite number of possible
pairs, and those with continuous centers such as U(1) have an infinite
number of level pairs. Nonetheless some groups that do contain U(1)s
have few outer automorphisms because such groups are obtained from
their covering group by factoring out a discrete normal subgroup with
nontrivial projections in both the U(1) factor and other group factors,
and so the original generalized U(1) symmetry is destroyed.
Groups with Triality and Triplication
Despite the successes of the SM there are still around 20 parame-
ters characterizing the couplings and particle masses which it does not
explain.
The Family Replicated Gauge Group Model (FRGGM) was pro-
posed in [7] and [24] as an extension of the SM. Froggat and Nielsen
have presented [27] a 5-parameter fit to the orders of magnitude of
the quark-lepton masses and mixing angles in the FRGGM where the
gauge group is (S(U(2) ×U(3)) ×U(1)B−L)3 or otherwise written
[SU(3)c]3 × [SU(2)L]3 × [U(1)Y ]3 × [U(1)(B−L)]3.
In this extended SM model the gauge group and a gauged B−L (baryon
number minus lepton number) is extended to one set of gauge fields
per fermion family. The 6 abelian gauge charges for the 3 families are
the 3 weak hypercharges and the 3 (B − L) charges, and these U(1)
quantum charges generate the fermion mass hierarchy. Higgs fields
break down this family replicated gauge group to the SM group. In [27]
a set of Higgs fields was constructed and VEVs were assigned to them,
which fit all the quark-lepton masses and mixing angles, by taking the
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fundamental couplings to be of order unity and the fundamental masses
to be of order the Planck mass; see also [14].
The FRGGM approach is called anti-grand unified theory. It as-
sumes that space-time is discrete at very small distances and was de-
veloped as an alternative to SUSY GUTs.
There is a mass protection mechanism, whereby fermions would
have zero mass from gauge (charge) conservation, were it not for the
Higgs mechanism. This is thought to be due to the existence (of what
are assumed to be gauge) quantum numbers lying outside the SM which
are assigned different values on the left-handed and right-handed Weyl
components of the SM quarks and leptons. It is hoped that an assign-
ment of these chiral quantum numbers to the quarks and leptons can
generate SM Yukawa coupling constants suppressed by the appropriate
combinations of Higgs VEVs so as to be in agreement with experiment.
The FRGGM gauge quantum numbers are candidates for these mass-
protecting chiral quantum numbers.
One of the key elements of the Random Dynamics program and the
MPP is the speculation of a successive breaking of groups from a large
over-group to for example S(U(2) × U(3))3 or an extension thereof,
and finally to the Standard Model group S(U(2) ×U(3)).
This final step is reminiscent of the phenomenon of Groups with
Triality, discussed in [50], which is a generalization of Cartan Sym(3)
outer automorphism triality of the group SO(8). and the three repre-
sentations of its double cover spin group Spin(8).
We conjectured the possibility of a unified triality whereby the em-
bedding of three two-colour random graphs R in one triality graph Rt,
three copies of the spin group Spin(7) in one spin group Spin(8), three
LE8 lattices in a Leech lattice LL, and finally Lie Algebras with Triality,
are all related phenomena.
We refer to [50] and [51] for discussions of these topics.
In [51] we motivated an argument for how the 3-family horizontal
structure might arise from the triality graph, with the colours r,b,g
identifying the generations – generational quantum numbers.
A different model inspired by Random Dynamics was given by D.
L. Bennett, H. B. Nielsen and I. Picek in [7].
CHAPTER 5
Summary
Random Dynamics takes as its starting point the idea that the most
advantageous assumption that we can make about the fundamental
laws is that they are random. That a fundamental theory is so beyond
our reach that to all intents and purposes we can take its laws to be
random. Furthermore that the known laws of relativity and quantum
mechanics emerge from this fundamental theory. Despite its successes
the project has thus far this project has been a niche endeavour. By
identifying a candidate as the sought after random structure we hope
to increase interest in this line of enquiry.
The countably infinite random graph R is the unique (up to iso-
morphism) connected structure that encodes the connections of every
possible configuration of sets of vertices. Multicoloured versions of the
graph are natural extensions. The graphR can in fact be reconstructed
from its automorphism group Aut(R) (as can the multi-coloured ver-
sions [48]) so that in the right context the group can be thought of as
a ‘prior’ construct.
Symmetries of the physical laws that seem to govern the wokings of
nature are not in general symmetries of the world because the latter are
subject to initial conditions, which are not invariant under symmetries
of nature’s laws [59]. It would appear that many of the well-known
symmetries arise naturally out of the SM. The CPT Theorem can be
derived for any quantum field theory from a few assumptions [24, Chap-
ter 5].
Poincare´ and gauge invariance (and perhaps translation invariance)
must be added separately and so these are regarded as the fundamental
symmetries [24, pp. 42-43]. Nonetheless there have been attempts to
derive even these, classified according to three different methods [24,
Chapter 6], (i) formal dynamical derivations that reveal the symmetry
which then takes on a physical interpretation in some vacuum phase
due to quantum fluctuations, (ii) from the renormalisation group in the
limit of larger distances or lower energies, and (iii) as a consequence of
string theory properties.
57
58 5. SUMMARY
The automorphism group Aut(Rt) of the 3-coloured (triality) ran-
dom graph is connected to the modular group PSL( 2,Z) through the
construction of Rt [50, Theorem 6.6] as a homogeneous Cayley graph
for an index 3 subgroup of the modular group
PSL(2,Z) = ⟨σ, ρ ∶ σ2 = ρ3 = 1⟩.
Modular groups of fractional linear transformations acting on the
upper half-plane in C take the form
z ↦
az + b
cz + d, a, b, c, d ∈ Z,R.
By taking C instead of Z as the normed division algebra for the
modular group it is a short step by complexification to its Lorentz
over-group PSL(2,C) and we arrive at Lorentz invariance which is
thus, as required by the Random Dynamics program, derived from a
random structure without having to be assumed a priori.
Rt

Aut(Rt)

PSL( 2,Z)

PSL(2,C)
An intermediate group in the complexification is the group of con-
formal automorphisms of the upper half-plane PSL( 2,R) of which the
modular group PSL( 2,Z) is a discrete subgroup.
The upper half-plane can be thought of as a hyperbolic plane.
In [19] and [36] Feingold, Kleinschmidt, Nicolai and Palmkvist study
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isomorphisms between hyperbolic Weyl groups and modular groups
over integer domains in normed division algebras:
PSL(2,R) ≅ SO0(2,1)
PSL(2,C) ≅ SO0(3,1)
PSL( 2,H) ≅ SO0(5,1)
PSL( 2,O) ≅ SO0(9,1)
where for example, PSL( 2,R) is the identity component of the Lorentz
group of 3-dimensional spacetime, acting on the hyperboloid
{(t, x, y) ∈ R ∶ t2 − x2 − y2 = 1, t > 0}
this being one representation of the hyperbolic plane.
The isomorphism between the Lorentz group SO(3,1) and the com-
plexified rotation group SO(3,C) is the basis of the formalism that lies
behind various self-dual formulations of general relativity [38], such as
that of Pleban´ski [45] which uses self-dual two-forms instead of the
dynamics of a metric, and of which the Hamiltonian formulation of
general relativity due to Ashtekar [2] is the phase space version as
proved by Jacobson and Smolin [33]. A model has been constructed
by Froggatt, Das, Laperashvili, Nielsen and Tureanu [21] which uses
this formulation as well as the Multiple Point Principle to unify gravity
with some weak gauge fields.
The integer octonions O form a discrete subring of the octonions
O and is modulo a rescaling, just the E8 root lattice which we denote
LE8, this being the smallest even unimodular lattice embedded within
an 8-dimensional Euclidean space. The discrete subgroup PSL( 2,O)
of PSL(2,O) ≅ SO0(9,1) acts on the 9-dimensional hyperbolic space
{x ∈ R10 ∶ x20 − x21 − . . . x29 = 1, x0 > 0}, where SO0(9,1) is the identity
component of the Lorentz group of 10-dimensional Minkowski space-
time.
The above four identifications must account for the noncommuta-
tivity of both quaternions H and octonions O, and nonassociativity
of O. Various ‘integer’ subrings of the division algebras are described
together with their relationships to hyperbolic Coxeter groups [19].
An example of nonassociativity in physics is the special relativistic
velocity composition law that relates the velocities of moving objects
in different reference frames. The velocities add as if they are hyper-
bolic tangent (tanh) functions because the Lorentz transformation can
be thought of as the application of a hyperbolic rotation through a
hyperbolic angle (which is velocity divided by c). This is used in the
gyrovector space description of Thomas precession, where in Abraham
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Ungar’s theory gyrovector addition is based on a type of Bol loop called
a gyrogroup.
We see again that the rotation groups and modular groups are
fundamental, just as we emphasized in [51]. As indeed are lattices;
Feingold et al studied a type of Weyl group of hyperbolic Kac-Moody
algebras which are intimately linked with the four normed division al-
gebras R,C,H,O, making crucial use of integral lattices as well as the
integer subrings of the division algebras and associated discrete matrix
groups.
We constructed [50] Rt as a homogeneous Cayley graph for the
complex Leech Lattice as a special case of a construction of random
Cayleym-coloured graphs from lattices L in Rd, form,d ≥ 2, identifying
lattice vectors with graph vertices and vector pairs with edges such that
the graphs are invariant under the lattice automorphism group Aut(L).
This particular link may have an application to global (that is, non-
space-time dependent) symmetry properties of gauge glass theoretic
models.
In [11], Chkareuli, Froggatt and Nielsen argue that Lorentz non-
invariant effects caused by the spontaneous breakdown of Lorentz sym-
metry (SBLS) are physically unobservable, and that application of this
principle to the most general relativistically invariant Lagrangian, with
arbitrary couplings for all the fields, gives rise to both abelian and non-
abelian massless vector gauge fields. More specifically to the appear-
ance of a continuous symmetry in terms of conserved Noether currents
and to the massless vector fields gauging this symmetry. In other words,
gauge invariant abelian and non-abelian theories can be derived from
the requirement of the physical non-observability of the SBLS rather
than by using the Yang-Mills gauge principle. Matrices of coupling
constants form Lie algebra representations corresponding to this sym-
metry, and in the non-abelian case the coupling constants for the vector
field self- interaction terms are the structure constants for this algebra.
Therefore the vector gauge fields become a source of the symmetries,
rather than local symmetries being a source of the gauge fields as in
the usual formulation. Imposing the condition of unobservability of
SBLS restricts the values of the coupling constants and mass parame-
ters in the Lagrangian density. The issue of which mechanisms could
induce the SBLS is taken up in [12], where it is argued that the non-
observability of the SBLS caused by the vacuum expectation values
(VEV) of scalar gauge fields could provide the origin of all observed
internal symmetries. The presence of scalar fields can possibly induce
non-zero classical fields as the VEVs of the original vector fields. The
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conclusion is that a gauge symmetry phase is created in order to avoid
a breakdown of Lorentz invariance.
Even global (non-gauge) symmetries are not required in the original
Lagrangian because the SBLS induces them automatically as accidental
symmetries accompanying the generated gauge theory.
In an older reference, assuming only the classical electrodynamics
of a charged particle interacting with an electromagnetic plane wave
field, Kupersztych derives [39] a Lorentz-transformation operator that
describes the motion of the spin of a particle having a magnetic mo-
ment precisely that of a Dirac spin particle, and is simultaneously a
gauge transformation (which thus leaves invariant a plane wave field).
This connects gauge invariance, relativistic invariance and electron spin
which has no classical analogue. However, the derivation assumes the
Lorentz force law which is obeyed by any charged particle, including
the pion which has no spin.
Yang-Mills theory is a gauge theory based on the SU(n) group but
can more generally be based on any compact, semisimple Lie group. For
example, electroweak and strong force theories are respectively based
on SU(3) and SU(2) × U(1). A purely formal derivation of gauge
symmetry appears in [24, p. 110] and as a consequence of Lorentz
invariance in the model of [11]. If Lorentz invariance can be derived
or arrived at from a random discrete mathematical structure, whether
through our purported route or any other, is there an effective discrete
content to group-theoretic gauge invariance?
Consider the well-known subgroup relationship between orthogo-
nal and unitary groups O(n) < U(n) < O(2n), and in particular that
SO(n) < SU(n). Being compact the orthogonal group has discrete
subgroups that are equivalent to finite subgroups, amongst which is
the Coxeter group An−1 ≅ Sym(n) of permutation matrices (which are
themselves orthogonal matrices).
Note also that to get from O(n) to its subgroup O(n − 1) < O(n)
simply consider rotations that stabilize an axis; this simple fact allows
us to go down the orthogonal group series. Further that O(n)/SO(n) ≅
O(1) with the projection map picking matrices with ±1 determinants.
Orthogonal matrices with determinant -1 cannot include the identity,
so form a coset rather than a subgroup. The projection map splits so
O(n) is the semi-direct product SO(n)⋊O(1). Two references for the
classical groups are [46] and [52].
The matrices representing SO(n) have determinant +1 describing
proper rotations rather than rotations combined with reflections. But
the determinant of a permutation matrix equals the signature of the
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corresponding permutation. So there are natural maps from O(n) →
Sym(n), and SO(n) → Alt(n).
So there are maps U(3) → O(3) → Sym(3), U(2) → O(2) →
Sym(2) ≅ C2 and U(1) → O(1) → Sym(1) = id.
The following identifications are known:
PSL(2,2) = PGL(2,2) ≅ Sym(3), PGL(2,3) ≅ Sym(4), PSL( 2,3) ≅
Alt(4), PSL(2,4) ≅ PSL(2,5) ≅ Alt(5). Is there a series of mappings
with an enlightening physical interpretation, from PSL(2,Z) to the
Standard Model group S(U(2) ×U(3))?
There is an interest in these types of questions that make use of the
important discrete ingredients in continuous groups. One such is the
Froggatt-Nielsen mechanism for explaining the hierarchies of fermion
masses and mixings in terms of a U(1) symmetry [23].
The fermion masses and mixings are given by Yukawa couplings of
the form Y ijψiψjH , for two interacting fermionic fields, a Higgs boson
and a Yukawa matrix. For their proper description we could either
fine-tune correlations amongst the entries of the Yukawa matrix Y or
we could assume the basic (bare) coupling constants to be random (but
at small distances are all of the same order of magnitude) and that the
entries of Y itself contain a hierarchical pattern. But what would be
the origin of this randomness? The mechanism proposed introduces
so-called flavon U(1) charged fields φ, which are neutral under the SM
gauge group but that like the Higgs, develop a vacuum expectation
value (VEV) to generate mass, via the introduction of an expansion
parameter ǫ = ⟨φ⟩/Λ where Λ denotes a high energy mass scale.
The three generations of left-handed and right-handed quark fields
(up-type quarks are not distinguished from down-type quarks) carry
different charges under U(1)FN such that the usual Yukawa terms
have positive integer charges. The hierarchy in the Yukawa matrix
entries arises from powers of the flavon field compensating for these
non-zero charges of the above trilinear Yukawa terms. Imposition of
this mechanism reduces the number of free parameters if the new U(1)
family symmetry is spontaneously broken down to a residual discrete
ZN symmetry. The article [35] further take up the topic of flavons.
The uniqueness of the multicoloured random graphs on a given
set of colours in the infinite-vertex limit starting from arbitrary initial
configurations would seem to suggest that the physical interpretation of
any result derived therefrom would be independent of initial conditions.
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One physical interpretation that we have in mind is this: that the
growth of a graph from an arbitrary initial configuration to the infi-
nite random graph is mirrored by taking the limit of a large number
of particles. There are many instances of limits of large numbers in
physics, such as the hydrodynamical scaling law for an incompressible
fluid being derived when the number of fluid molecules becomes very
large [24, p. 8].
The intimate relationship between the modular and 3-braid groups,
for example that the 3-braid group B3 is the universal central extension
of the modular group [51], offers a direction for further study.
A key test for any theory that extends the SM model will be in
its ability to better explain the SM coupling constants and mass pa-
rameters. It is possible that quantum field theory will only be able to
do this through the introduction of a new ingredient such as a supple-
mentary symmetry. The hope has been that application of the MPP
gives information about these SM parameters. It is also possible that
such additional restricting principles are not a priori clearly or directly
related to the dynamical entities and only deeper work would reveal
the connections. In [51] we have proposed candidates and have tried
to motivate them. It could be argued that the restrictions should, for
reasons of simplicity, apply to the zero-particle states, that is the vacua.
Given that Random Dynamics is based upon an entirely different
philosophy to the the more mainstream approaches of unification, we
end with a philosophical point regarding choice of the best theory from
alternatives, though within philosophy itself there is no consensus on
an accepted theory of this subject.
Science operates through observation, analysis, reason, deduction
and sometimes prediction. It functions according to a precision, which
is why mathematics is often required for its proper explanation and
description. Scientific theories are never complete; in physics this has
led to the rise of so-called “effective theories”. As Wells has pointed
out [57] to all intents and purposes all theories are effective theories,
choosing Thagard’s criteria [53] for best explanation:
1. Consilience: How many facts the theory explains, and further-
more unifies and systematizes.
2. Simplicity: Having the least number of auxiliary hypotheses and
additions.
3. Analogy: A theory explaining the shared characteristics between
competing theories by admitting a new characteristic with which to
explain the shared ones.
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Observational and mathematical consistency with known empirical
facts are sine qua non and take precedence over other factors. Con-
jecture is probably the most effective source of theories and knowledge
grows by rearrangement combination, alteration and subsuming of pre-
vious principles. Criticism and empiricism allows choice of theories
from alternatives. Good explanations have robustness [15].
To this end the entire Random Dynamics program may be one of
the most economical possibilities, if it could be developed to anywhere
near the ambitious intentions of its founders, beginning with specific
random structures. We have made a starting suggestion as to what
such structures might be.
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